
TRANSFORMATION OF ECI (CIS, EPOCH 52000.0) COORDINATES 

T 0 

WGS 84 (CTS, ECEF) COORDINATES 

1. General 

Th is  Appendix has two purposes. These are:  

. To p r o v i d e  a d d i t i o n a l  d e t a i l s  on t h e  mathemat ica l  r e l a t i o n s h i p  between 

t h e  Convent iona l  I n e r t i a l  System (CIS; FK5 System, Epoch 52000.0), t h e  

Ins tantaneous T e r r e s t r i a l  System ( ITS),  and t h e  Convent iona l  

T e r r e s t r i a l  System (CTS) as t h e y  r e l a t e  t o  World Geodet ic System 

1984 (WGS 84).  

. To d i scuss  and p r o v i d e  t h e  numer ica l  da ta  needed t o  t r a n s f o r m  p o s i t i o n  . . .  
and v e l o c i t y  components ( X, Y, Z; X, Y, Z  f r om  t h e  C I S ,  o r  

E a r t h - C e n t e r e d - I n e r t i a l  (ECI)  Coord inate System, t o  t h e  WGS 84 

Ear th-Centered-Ear th-F ixed (ECEF) Coord inate System, o r  CTS. 

The ECI (CIS)-to-WGS 84 ECEF t r a n s f o r m a t i o n  makes use o f  t h e  new t h e o r i e s  

o f  p recess ion  CA.11 [ ~ . 2 ]  and ast ronomic n u t a t i o n  CA.31 CA.41 CA.51, t h e  

change t o  a  new Standard Epoch (52000.0) C A . ~ ] ,  and t h e  new d e f i n i t i o n  o f  

u n i v e r s a l  t i m e  [A.6] adopted by t h e  I n t e r n a t i o n a l  Ast ronomica l  Union ( IAU) 

[A.71. 

I n  t h e  d i s c u s s i o n  t h a t  f o l l ows ,  a l l  coo rd i na te  systems a re  r ight -handed 

and o r thogona l ,  and p o s i t i v e  r o t a t i o n s  a re  coun te rc lockw ise .  Such a r o t a t i o n ,  

about t h e  Z-axis,  f o r  example, through an angle  a, i s  des ignated RZ(a) .  



2. Time and Epochs 

The two time systems of interest here, sidereal time and universal or 

solar time, are both based on the diurnal rotation of the earth CA.81. 

Sidereal time is usually determined by observing the transits of stars across 

the observer's meridian. However, since the meridian is involved, considera- 

tion must be given to the effect of polar motion on the meridian's position. 

Mean solar time is associated with a mean or fictitious sun that moves along 

the celestial equator with a uniform sidereal motion approximately commen- 

surate with the mean rate of the annual motion of the true sun along the 

ecliptic. If the hour angle of the mean sun is referred to the BIH-defined 

Zero Meridian, the resulting time is called universal time (UT). Universal 

and sidereal time are both affected by irregularities in the rotation of the 

earth. These irregularities take the form of polar motion (variations in the 

position of the earth's rotation axis with respect to the earth's crust), and 

variations in the earth's angular rotation rate. 

Since 1 January 1972, the time scale distributed by most broadcast time 

services is coordinated universal time (UTC). It is based on the redefined 

coordinated universal time [A.9], which differs from another time scale, 

International Atomic Time (TAI ), by an integral number of seconds. The latter 

is the most precisely determined time scale available, and results from 

analyses by the BIH of data from the atomic time standards of many countries. 

Universal time, determined from observations of the diurnal motions of the 

stars, and containing non-uniformities due to variations in the rotation of 

the earth, is called UTO. To obtain UT1, a time scale independent of the ob- 

server's position, the effect of the variation of the observer's meridian due 

to the observed motion of the pole is removed from UTO. The introduction of 

one second time steps (leap seconds) when necessary, normally at the end of 

June or December, maintains UTC within 0.90 second of UT1. 



Universal time and sidereal time are equivalent time systems since UT1 is 

formally defined by an equation which relates it to mean sidereal time (MST). 

The latter is directly obtained from the apparent right ascensions of 

transiting stars. Therefore, UT1, which forms the basis for the worldwide 

system of civil time, is derived indirectly from the transit time of stars. 

On any given date, a star's computed apparent place, upon which its con- 

tribution to the UT1 determination depends, is a function not only of its' 

catalog position and proper motion, but also of the adopted constants of pre- 

cession, astronomic nutation, aberration, etc. EA.71. Therefore, a change 

from the CIS-FK4 System to the CIS-FK5 System rA.101, and the change in astro- 

nomical constants [A.71, have complex and subtle effects on values of UT1. 

For the new FK5 System, UT1 is defined so as to maintain continuity in value 

and rate at the epoch of change (1 January 1984) and to be consistent with the 

origin of the FK5 System. The result is the equation for Greenwich Mean 

Sidereal Time (GMST) of oh UT1 given under the sidereal time transformation 
(Section 3.4 and Figure A.ll, this Appendix). This equation implies that the 

ratio of solar to sidereal time is 0.997269566329084 at Epoch J2000.0, the 

inverse of which is 1.002737909350795 [A.7]. The expression also implies a 

specific angular rotation velocity for the earth, which is discussed later 

(Section 3.4 and Figure A.ll, this Appendix). 

The unit of time, T, in the formulas for precession and astronomic nuta- 

tion is the Julian Century of 36525 days. Since the Julian Day begins at 

noon, the time interval in the CIS-to-WGS 84 transformation to be discussed 

January 1.5. later is Julian Centuries measured from 2000 

The conventional relationship between Ju 

JE = 2000.0 + (JED - 2451545.0)/365 

lian Epochs is rA.21: 



where 

JE = Julian Epoch 

JED = Julian Ephemeris Date. 

The relationship between the discontinued Standard Bessel ian Epoch (BE), 

B1950.0, and the new Standard Julian Epoch is expressed as [~.21: 

The correspondence between six different Julian and Besselian Epochs of 

interest were calculated CA.~] using Equation (A-2). The numerical results 

are listed in Table A.l along with the matrix, M (B1950.0, J2000.0), for 

transforming (precessing) position and velocity components from the 

discontinued Standard Bessel ian Epoch (81950.0) to the new Standard Jul ian 

Epoch (52000.0) rA.91. The relevant equation in vector form is [A.9]: 

= M (B1950.0, J2000.0) [ ] J2000.0 B1950.0 

where '~2000.0 '~2000.0 and '~1950.0' '~1950.0 represent position and veloc- . . .  
ity components ( X ,  Y, Z; X ,  Y, Z )  with respect to Epochs 52000.0 and 61950.0, 

respectively. 

3. Description of CIS (ECI )-to-WGS 84 (ECEF) Transformation Matrices and 

Equations 

3.1 General 

In order to accomplish the transformation of position components from 

CIS (EC1)-to-WGS 84 (ECEF), it is necessary to form the four matrices given in 

Figure A.1. These are the precession matrix (D), the astronomic nutation 

matrix ( C ) ,  the sidereal time matrix ( B ) ,  and the polar motion matrix (A). 

The product (ABCD) transforms ECI position components to WGS 84 ECEF position 

components. 



For  t h e  t rans fo rmat  i o n  of v e l o c i t y  components f rom C I S  (ECI ) -to-WGS 84 

(ECEF), t h e  r a t e  of change o f  each o f  t h e  f o u r  ma t r i ces  must be considered. It 

i s  assumed here  t h a t  t h e  r a t e  of change o f  t h e  B m a t r i x  i s  t h e  o n l y  one t h a t  

i s  s i g n i f i c a n t .  Therefore,  t h e  t? m a t r i x  must be formed and used as shown i n  

F i g u r e  A . l  when t r a n s f o r m i n g  v e l o c i t y  components f rom ECI t o  WGS 84 ECEF. 

3.2 Precess ion (Dl 

The complex mot ion  o f  genera l  p recess ion  can be s p e c i f i e d  by t h r e e  

angles r;, z, and 8. The p recess ion  m a t r i x  (D) t rans fo rms coord ina tes  f rom t h e  

CIS (mean i n e r t i a l  system o f  epoch) o r  ECI System t o  t h e  mean i n e r t i a l  system 

o f  date.  The c o o r d i n a t e  axes f o r  t h e  C I S  (mean i n e r t i a l  system o f  epoch) a re  

des igna ted  i n  F i g u r e  A.2 as X1, Y1, and Z1. The XI-axis i s  a  vec to r  i n  t h e  

p lane  o f  t h e  mean c e l e s t i a l  equator  o f  epoch p o i n t i n g  toward t h e  mean ve rna l  

equinox o f  epoch ( yo ) .  The p o s i t i v e  end of t h e  XI-axis i s  upwards, perpen- 

d i c u l a r  t o  t h e  page i n  F i g u r e  A.2. The Z1-axis i s  a  vec to r  pe rpend i cu l a r  t o  

t h e  p lane  o f  t h e  mean c e l e s t i a l  equator  o f  epoch, p o s i t i v e  toward t h e  n o r t h  

c e l e s t i a l  p o l e  (To) .  The Y1-axis i s  i n  t h e  p l ane  o f  t h e  mean c e l e s t i a l  

equator  o f  epoch, comp le t ing  a  r igh t -handed  o r thogona l  coo rd i na te  system (90 

degrees eas t  o f  XI). The epoch i s  52000.0, which i s  a t  noon on 1 January i n  

t h e  year  2000. 

Precess ion a c t u a l l y  c o n s i s t s  o f  t h r e e  r o t a t i o n s  th rough  t h r e e  angles:  

- A p o s i t i v e  r o t a t i o n  about t h e  Z1-axis th rough  t h e  ang le  (90-c)  

- A p o s i t i v e  r o t a t i o n  about t h e  X i - ax i s  th rough  t h e  ang le  ( 0 )  

- A nega t i ve  r o t a t i o n  about t h e  Z2-axis th rough  t h e  ang le  (9O+z). 

The D ma t r i x ,  as shown i n  F i gu re  A.3, i s  t h e  p roduc t  o f  these t h r e e  r o t a t i o n  

m a t r i c e s  i n  t h e  o rder  g iven.  



Equa t ions  t o  compute t h e  t h r e e  p r e c e s s i o n  a n g l e s  o f  r;, z, and 9 a r e  

shown i n  F i g u r e  A.4. As g iven,  t h e  u n i t s  o f  t h e  computed ang les  a r e  a r c  

seconds. The t i m e  argument, T, i s  J u l i a n  C e n t u r i e s  f r o m  J2000.0. The number 

JED must c o n t a i n  t h e  f r a c t i o n a l  p a r t  o f  t h e  day r e q u i r e d  t o  reach  t h e  t i m e  o f  

i n t e r e s t  w i t h i n  t h e  day. Remember t h a t  t h e  J u l i a n  Date (JD) b e g i n s  a t  noon, 

so: 

JED = JD - 0.5 + f r a c t i o n a l  p a r t  o f  t h e  day. (A-4)  

A f t e r  t h e  p r e c e s s i o n  m a t r i x  has been a p p l i e d ,  t h e  axes a r e  a t  t h e  

p o s i t i o n  o f  t h e  X2, Y2, Z2 axes (mean i n e r t i a l  sys tem o f  d a t e )  as shown i n  

F i g u r e  A.2. Here, t h e  X2-ax is  i s  a  v e c t o r  i n  t h e  p l a n e  o f  t h e  mean equa to r  o f  

da te ,  a t  t h e  i n t e r s e c t i o n  o f  t h e  mean e q u a t o r  o f  d a t e  and t h e  e c l i p t i c  o f  d a t e  

p o i n t i n g  t o w a r d  t h e  mean v e r n a l  equ inox  o f  d a t e  (7) . I n  F i g u r e  A.2, t h e  Z2- 

a x i s  i s  a  v e c t o r  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  t h e  mean equa to r  o f  da te ,  

p o s i t i v e  t o w a r d  n o r t h  ( o r  F) . The Ye-ax is  i s  i n  t h e  p l a n e  o f  t h e  mean 

e q u a t o r  o f  da te ,  c o m p l e t i n g  a  r i g h t - h a n d e d  o r thogona  1  c o o r d i n a t e  system (90 

degrees e a s t  o f  X2). 

I n  v e c t o r  fo rm:  

And, s i n c e  t h e  D  m a t r i x  i s  o r t h o g o n a l :  

3.3 As t ronomic  N u t a t i o n  ( C )  

The as t ronomic  n u t a t i o n  m a t r i x  (C) t r a n s f o r m s  c o o r d i n a t e s  f r o m  t h e  

mean i n e r t i a l  sys tem o f  d a t e  t o  t h e  t r u e  i n e r t i a l  system o f  da te .  T h i s  i s  

r e s o l v e d  i n t o  n u t a t i o n - i n d u c e d  c o r r e c t i o n s  known as n u t a t i o n  i n  e c l i p t i c  

l o n g i t u d e  ( A + )  and n u t a t i o n  i n  o b l i q u i t y  ( A E ) .  The X2, Y2, Z2 axes a r e  



rotated to the X3, Y3, Z3 axes. 

Nutation consists of three rotations through three angles as described 

be 1 ow: 

- A positive rotation about the X2-axis through the angle (T) 

- A negative rotation about the Zi-axis through the angle ( A $ )  

- A negat 

These three angles 

ive rotation about the X3-ax 

are shown in Figure A.5. 

is through the ang 

The C matrix, 
Figure A.6, is the product of these three rotation matrices 

given. 

as shown in 
n the order 

Equations to compute the three nutation angles of T,  A + ,  and E are 

shown in Figure A.7. The time argument, T, is Julian Centuries from 52000.0. 

The computation of nutation in longitude (A+) and nutation in obliquity (AE) 

both involve a summation over a series of 106 terms. The angles a, a', F, D, 

and Q are functions of the position of the sun and moon. The equations to 

compute these five angles are given in Figure A.8. The units of these angles, 

as given, are arc seconds. After these angles are changed to units of 

radians, they are multiplied by the coefficients ali, a2i, a3i, a4i, and asi 

given in Table A.2. The a's are given for each i; the table contains i for 1 

through 106. This table also gives the A, By C, and D terms for each i. The 

units of A and C are 0.0001 arc second; B and D have units of 0.0001 arc 

second per Julian Century. Therefore, the units of A+ and AE, as given, are 

0.0001 arc second. Then, the true obliquity of the ecliptic is the sum of the 

mean obliquity and the nutation in obliquity. 

After the nutation matrix has been applied, the axes are at the posi- 

tion of the X3, Y3, Z3 axes (true inertial system of date). The X3-axis is in 

the plane of the CIS Equator (sometimes called the true equator of date), 



p o i n t i n g  toward t h e  t r u e  ve rna l  equinox o f  da te  ( y ) .  The p o s i t i v e  end o f  t h e  

X3-axis i s  upward, pe rpend i cu l a r  t o  t h e  page i n  F i g u r e  A.5. The Z3-axis i s  a  

vec to r ,  pe rpend i cu l a r  t o  t h e  p lane  o f  t h e  CTS Equator,  p o i n t i n g  n o r t h  toward 

t h e  C e l e s t i a l  Ephemeris Pole  (CEP). The Y3-axis completes a  r igh t -handed  

o r thogona l  c o o r d i n a t e  system (90 degrees eas t  o f  X3). 

I n  vec to r  form: 

The C m a t r i x  i s  o r thogona l ,  so: 

3.4 S i d e r e a l  Time ( B )  

The s i d e r e a l  t ime  m a t r i x  ( B )  t rans fo rms coo rd i na tes  f r om  t h e  t r u e  

i n e r t i a l  system o f  da te  t o  t r u e  ear th -cen te red ,  e a r t h - f  ixed.  The X3, Y 3 ,  Z3 

axes a re  r o t a t e d  t o  t h e  X4, Y4, Z4 axes. 

S i d e r e a l  t i m e  c o n s i s t s  o f  a  p o s i t i v e  r o t a t i o n  about t h e  Z3-axis 

th rough  t h e  ang le  11 as shown i n  F i g u r e  A.9. Here, A i s  t h e  l o n g i t u d e  o f  t h e  

Zero M e r i d i a n  f rom t h e  t r u e  ve rna l  equinox o f  date.  I n  t h e  equa t ion  f o r  

A: Ho i s  Greenwich Mean S ide rea l  Time (GMST) a t  t h e  beg inn ing  o f  t h e  

day; AH i s  apparent  minus mean s i d e r e a l  t ime  o r  t h e  equa t i on  o f  t h e  equi -  

noxes; w* i s  t h e  r o t a t i o n  r a t e  i n  a  p recess ing  re fe rence  frame; t i s  t h e  UTC 

t ime  w i t h i n  t h e  day; A t  i s  UTC minus UT1. The A t  c o r r e c t s  f o r  t h e  i r r e g u l a r  

r o t a t i o n  o f  t h e  e a r t h .  The q u a n t i t y  w* i s  t h e  sum o f  t h e  e a r t h ' s  i n e r t i a l  

r o t a t i o n  r a t e  and t h e  r a t e  o f  p recess ion  i n  r i g h t  ascension o f  t h e  mean 

equinox. As t h e  e a r t h  r o t a t e s  t o  t h e  east,  t h e  mean equinox precesses t o  t h e  

west, so t h e  r o t a t i o n  r a t e  used i n  t h i s  t r a n s f o r m a t i o n  must account f o r  bo th  

movements. 



The B and b m a t r i c e s  a r e  shown i n  F i g u r e  A . l O .  

The e q u a t i o n s  t o  compute Ho and AH a r e  g i v e n  i n  F i g u r e  A . l l .  

D e f i n i t i o n s  and e q u a t i o n s  a r e  a l s o  g i v e n  f o r  a l l  o t h e r  q u a n t i t i e s  i n  A. S ince 

Ho i s  t h e  Greenwich Mean S i d e r e a l  Time a t  oh UT1 o f  JED, t h e  u n i t  o f  t i m e  (Tu)  

must be d e s i g n a t e d  so as t o  go t o  t h e  b e g i n n i n g  of t h e  day o f  i n t e r e s t  r a t h e r  

t h a n  t o  noon. I n  o t h e r  words, du must end i n  an 0.5 because t h e  J u l i a n  day 

beg ins  a t  noon. 

The v a l u e  shown f o r  w* i s  c o n s i s t e n t  w i t h  t h e  new d e f i n i t i o n  o f  

u n i v e r s a l  t i m e  and t h e  new t h e o r y  o f  p recess ion .  I n  f a c t ,  t h e  va lues  f o r  w* 

and w' a r e  d e r i v e d  f r o m  t h e  e q u a t i o n  f o r  Ho. To d e r i v e  t h e  va lue  f o r  w*, t h e  

r a t e  o f  p r e c e s s i o n  must be used. The r a t e  o f  p recess ion ,  m, i s  f r o m  t h e  new 

t h e o r y  o f  p recess ion .  It shou ld  be no ted  t h a t  t h e  va lue  g i v e n  f o r  w '  o f  

7.2921151467 x  l o e 5  r a d i a n s  p e r  second i s  c o n s i s t e n t  w i t h  t h e  va lue  g i v e n  

e a r l i e r  f o r  t h e  e a r t h ' s  i n e r t i a l  r o t a t i o n  r a t e  (Chapter  3, S e c t i o n  3.3.4). 

A f t e r  t h e  s i d e r e a l  t i m e  m a t r i x  has been a p p l i e d ,  t h e  axes a r e  a t  t h e  

p o s i t i o n  o f  t h e  X 4 ,  Y4, Z 4  axes. The X4-axis i s  i n  t h e  p l a n e  o f  t h e  CTS 

Equator,  p o s i t i v e  t o w a r d  t h e  Zero M e r i d i a n .  The Z4-ax is  i s  a  v e c t o r  

p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  t h e  CTS Equator,  p o s i t i v e  n o r t h  toward  t h e  CEP. 

The Y4-axis i s  i n  t h e  p l a n e  of t h e  C T S  Equator ,  c o m p l e t i n g  a r i g h t - h a n d e d  

o r t h o g o n a l  c o o r d i n a t e  system (90 degrees e a s t  o f  X4). 

I n  v e c t o r  fo rm:  

R4 = BR3 

T R3 = B R4. 

The % c o o r d i n a t e s  a r e  a f f i x e d  t o  t h e  e a r t h  and r o t a t e  w i t h  it. 



P o l a r  Mot ion  (A) 3.5 

e a r t h - f  

The p o l a r  mot ion  m a t r i x  (A) t r a n s f o r m s  f r o m  t h e  t r u e  ear th -cen te red ,  

i x e d  system t o  a  mean ear th -cen te red ,  e a r t h - f i x e d  system (WGS 84).  

T h i s  mot ion accounts  f o r  t h e  movement o f  t h e  r o t a t i o n  a x i s  (CEP) w i t h  r e s p e c t  

t o  t h e  e a r t h ' s  c r u s t .  The X4, Y4, Z 4  axes a r e  r o t a t e d  t o  t h e  X5, Y5, Z5  axes 

as shown i n  F i g u r e  A.12. 

P o l a r  mot ion  c o n s i s t s  o f  r o t a t i o n s  th rough  two angles:  

- A  n e g a t i v e  r o t a t i o n  about  t h e  X4-axis t h r o u g h  t h e  a n g l e  yp 

- A n e g a t i v e  r o t a t i o n  about t h e  Y4-axis t h r o u g h  t h e  ang le  xp. 

The q u a n t i t i e s  xp and y p  a r e  sma l l  angles.  Therefore ,  approx imat ions  

can be used f o r  t h e  s i n e  and cos ine  o f  t h e  angles.  The r e s u l t  of making such 

approx imat ions  i s  shown i n  F i g u r e  A.13 as t h e  A m a t r i x .  

A f t e r  t h e  p o l a r  mot ion  m a t r i x  has been a p p l i e d ,  t h e  axes a r e  a t  t h e  

p o s i t i o n  o f  t h e  X5, Y5, Z5  axes (mean ear th -cen te red ,  e a r t h - f i x e d  c o o r d i n a t e  

system) as shown i n  F i g u r e  A.12. These axes fo rm t h e  WGS 84 Coord ina te  System 

( B I H - d e f i n e d  CTS, 1984.0). The X5-axis i s  i n  t h e  p l a n e  o f  t h e  CTS (mean 

as t ronomic )  Equator,  p o s i t i v e  toward t h e  Zero Mer id ian .  The Z5-ax is  i s  

p e r p e n d i c u l a r  t o  t h e  CTS Equator,  p o s i t i v e  n o r t h  toward  t h e  Convent iona l  

T e r r e s t r i a l  Po le  (CTP) as d e f i n e d  by t h e  BIH on t h e  b a s i s  o f  t h e  c o o r d i n a t e s  

o f  t h e  CTS Equator,  

(90 degrees- e a s t  o f  

adopted f o r  t h e  BIH s t a t i o n s .  The Y5-axis i s  i n  t h e  p l a n e  

l e t i n g  a  r i g h t - h a n d e d  o r thogona l  c o o r d i n a t e  system 

(A lso,  see Chapter 2.) 

comp 

X5). 

I n  v e c t o r  form: 



and 

Both F4 and K5 coordinates are earth-centered, earth-fixed and rotate with 

the earth. 

4. Summarv of Matrices and Eauations 

All of the matrices previously described are summarized in Figure A.14. 

The rotations involved in each matrix are also shown. Equations to compute 

the angles and other quantities required in these matrices are summarized in 

Figure A.15. The quantities that must be provided are At, x and y The 
P ' P ' 

only other information needed is tabulated in Table A . 2 .  The steps required 

to accomplish the ECI (CIS, Epoch J2000.O)-to-WGS 84 (CTS, ECEF) 

Transformation are summarized in Figure A.16. 

The reverse position and velocity transformations, from WGS 84 (CTS, ECEF) 

to ECI (CIS, Epoch J2000.0), are, respectively: 
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Table A.l 

Correspondence Between Besselian and Julian Epochs 
Plus 

Matrix for Precessing from B1950.0 to 52000.0 

1. Correspondence Between Ju 1 ian and Bessel ian Epochs [A.2] 

Bessel ian Epoch Julian Epoch JED - 

2. Matrix For Precessing From B1950.0 to 52000.0 rA.91 

* The last digit given in [A.2] for this value is a misprint. 



Table A.2 
1980 I A U  Theory o f  Nu ta t i on  

-Ser ies f o r  N u t a t i o n  i n  Long i tude  ( A W )  and O b l i q u i t y  ( A E )  (Mean Equator and Equinox o f  Date) - 

Un i t s :  4 = C = 0.0001"; 6 = D = 0.0001" Per J u l i a n  Century  ( T  from Epoch 52000.0) 

A-15 



Posit ion 

= [ABCD] 

Velocity 

= [ A ~ C D I  227 + CABcDl 

ECI Epoch = J2000.0 

J = Julian 

ECEF = Earth-Centered, Earth-Fixed 

ECI = Earth-Centered, Inertial 

D = Precession 

C = Astronomic Nutation 

B = Sidereal Time 

A = Polar Motion 

= Rate of Change of the B Matrix (With Time) 

Figure A. 1. ECI (CIS, Epoch J2000.0)-to-WGS 84 (CTS, ECEF) Transformation 



l , 0 , z  = Precession Parameters 

yo to Q = 9 0 ' - l  

0 = Angle Between Equators 

Q to 7 = -(90°+z) 

Figure A.2. Celestial Sphere Depicting Precession of the Equinox 



r cosz c o s 0  c o s r  - s i n z  s i n r  

L s i n e  c o s r  

-cosz cos0  s i n r  - s i n z  c o s r  

- s i n z  cos0 s i n <  + cosz c o s s  

- s i n 0  s i n r  

-cosz s i n 0  

- s i n z  s i n 0  

cos 0  I 
F i g u r e  A.3. P r e c e s s i o n  T r a n s f o r m a t i o n  M a t r i x  



z = 2306.2181 T + 1.09468 T2 + 0.018203 T3 Arc Seconds CA.21 CA.71 [A.9] 
[These Three Equations Obtained 

by Setting T=O in Equation (7) 
e = 2004.3109 T - 0.42665 - 0.041833 T3 of Reference A.2, Where T has a 

Different Meaning Than Here. 

T = [JED - 2451545]/36525 
= Julian Centuries from Epoch 

J2000.0 (2000 Jan 1.5) 

JED = Julian Ephemeris Date 

Figure A.4. Precession Equations 



I l CEP 
I / Z2 h i s  

I I I 

A p  = Nutation in Right 
Ascension 

A u = Nutation in Declination 

?an A p  = tan A $  cos 7 
sin A u  = sin A$ sin F 

/ I Date 
( I t o  CEP) 

Nutation Parameters 7, A$, t : 

- c = Mean Obliquity of Ecliptic 

A$  = Nutation in Longitude 

c = F + A t  = True Obliquity of Ecliptic 

Ac = Nutation in Obliquity 

Figure A.5. Astronomic Nutation Diagram 



L s i n r  s i nn+  s i n s  COSAJ, cosy  - cos r  s i n T  

F igu re  A.6. Astronomic Nu ta t i on  Transformat ion M a t r i x  



- 
= & o  - 46.8150 T - 0.00059 T2 + 0.001813 T3 Arc Seconds 

= Mean O b l i q u i t y  o f  E c l i p t i c  

A$ = 2 A r i  = N u t a t i o n  i n  Long i tude  
i =l 

AE = 1 Aci = N u t a t i o n  i n  O b l i q u i t y  
i = l  

= True O b l i q u i t y  o f  E c l i p t i c  

T  = [JED - 2451545]/36525 = d/36525 
= J u l i a n  C e n t u r i e s  f r o m  Epoch J2000.0 

F i g u r e  A.7. Astronomic N u t a t i o n  Equat i o n s  (1980 I A U  Theory 



r = 485866.733 + (1325' + 715922.633)T + 31.310T2 + 0.064T3 Arc Seconds 

= Mean Anomaly of Moon 

i '  - 1287099.804 + (9gr + 1292581.244)T - 0.577T2 - 0.012T Arc Seconds 

= Mean Anomaly o f  Sun 

F = 335778.877 + (1342' + 295263.137)T - 13.257T2 + 0 . 0 1 1 ~ ~  Arc Seconds 

= (Mean Long i tude  o f  Moon) - r 2  

D = 1072261.307 + (1236' + 1105601.328)T - 6.891T2 + 0.019T3 Arc Seconds 

= Mean E l o n g a t i o n  o f  Moon From Sun 

u = 450160.280 - (5r + 482890.539)T + 7.455T2 + 0 . 0 0 8 ~ ~  Arc Seconds 

= Long i tude  o f  Ascending Node o f  Lunar Mean O r b i t  on 

E c l i p t i c  Measured From Mean Equinox o f  Date 

F i g u r e  A.8. Astronomic N u t a t i o n  Arguments 



Greenwich 
at 

oh UT1 

Greenwich 
at 

Time t 

A = H , + A H + w * ( t -  A t )  

U* = Rotation Rate in Precessing Reference Frame 
o '  = Earth's Inertial Rotation Rate 

m = Rate of Precession in Right Ascension 

Figure A.9. Sidereal Time Diagram 



s i n / \  

cos A 

0 

F i g u r e  A . l O .  S i d e r e a l  Time Trans fo rmat ion  M a t r i c e s  



1 = H + AH + w * ( t - ~ t )  0 

H0 = 24110.54841 + 8640184.812866 Tu + 0.093104 T: - 6.2 x 10 '~  T: Seconds o f  Time 

h 
= Greenwich Mean S ide rea l  Time a t  0 UT1 o f  JED 

T, = du/36525; du = JED - 2451545; du+ t 0.5, 1.5, 2.5, ... 
aH = a r c t a n  ( c o s ~  tans$) 

= (Apparent Minus Mean) S ide rea l  Time 

E = True O b l i q u i t y ;  a$ = N u t a t i o n  i n  Longi tude 

t = Time W i th i n  Day (UTC); A t  = UTC - UT1 

w* = Ro ta t i on  Rate i n  Precess ing Reference Frame 

= w '  + m = 7.2921158553 x + 4.3 x 10-15 T, (Radians/Second) 

w '  = E a r t h ' s  I n e r t i a l  R o t a t i o n  Rate 

= 7.2921151467 x (Radians/Second) 

m = Rate o f  Precess ion i n  R i g h t  Ascension 

= 7.086 x 10-I' + 4.3 x 1 0 - l 5  Tu (Radians/Second) 

F i gu re  A . l l .  S i de rea l  Time Equat ions 



Figure A. 12. Polar Motion Diagram 

CTP = Conventional Terrestrial Pole 
CEP = Celestial Ephemeris Pole 



[Since x and y are small angles, it is technically permissible to use approximate 
transfo~mationPmatrixl 

= Angular displacement of CEP from mean terrestrial pole measured along Zero Meridian 
X p  (positive south) 

= Angular displacement of CEP from mean terrestrial pole measured normal to Zero Meridian 
yp (positive west) 

Figure A.13. Polar Motion Transformation Matrix 



F o s z  cose cos r  - s i n z  s i n <  -cosz cose s i n r  - s i n z  cosr; -cosz s i n e  1 
cose c o s r  + cos t  s i n <  - s i n2  cose s i n <  + cosz cosg - s i n z  s i n e  

- s i n e  s i n <  cos 0 

sin11 

cos A 

0  

ECEF = [ABCD] ECI ; 

F i g u r e  A .  14. Summary - E C I  (CIS, Epoch J2000.0)-to-WGS 84 (CTS, ECEF) T rans fo rmat ion  Ma t r i ces  



Time I n t e r v a l  From 52000.0 

d = JED - 2451545.0; T = d/36525; JED = J u l i a n  Ephemeris Date 

Precess ion 
rn - 

N u t a t i o n  

2 = 84381.448 - 46.8150T - 0.00059T2 + 0.001813T3 

A$ = 1 A ;  AE  = 1 AE ( U n i t s  = 0.0001 Arc Second) 
i = l  i = l  i' - 

E = E + AE; ( U n i t s  = Seconds o f  A rc )  

[ d  = J u l i a n  Ephemeris Days; 
T = J u l i a n  Cen tu r ies ;  

Bo th  From J2000.0] 

(Seconds o f  A r c )  

(Seconds o f  A r c )  

F = 335778.877 + ( 1 3 4 2 ~  + 295263.137)T - 13.257T2 + 0.011T '1 (Seconds o f  A r c )  

D = 1072261.307 + ( 1 2 3 6 ~  + 1105601.328)T - 6.891T2 + 0.019T 

n = 450160.280 - (5r+ 482890.539)T + 7 . 4 5 5 ~ ~  + 0 . 0 0 8 ~ ~  ( l r  = 1296000") 

S i d e r e a l  Time 

A = H + AH + w*(t -At) ,  ( U n i t s  = Seconds); AH = a r c t a n  ( c o s ~  t a n ~ b ) ,  ( U n i t s  = Radians; Must be 0 Changed t o  Seconds) 
-6 T3 fig = 24110.54841 + 8640184.8128E6Tu + 0.093104~: - 6 . 2 ~ 1 0  (Seconds) 

t = t i m e  w i t h i n  day (UTC); A t  = UTC - UT1 (Seconds) 

W* = 7.2921158553~10-5 + 4 . 3 ~ 1 0 - l 5  Tu (Radians/Second) 

Tu = du/36525; du = JED - 2451545 a t  oh UT1; du + f0.5, 1.5, 2.5, ... 

F i g u r e  A.15. Summary - E C I  (CIS, Epoch J2000.0)-to-WGS 84 (CTS, ECEF) Equat ions 



Coordinate 
System 

Transformation 
Matrix 

Posit ion 
Vector 

Velocity 
Vector 

Mean Inertial of J2000.0 
or 

Conventional Inertial (CIS) 
Precession (D) 

Mean Earth-Centered Inertial 
of Date i- Astronomic Nutat ion (C) 

True Earth-Centered Inertial 
of Date i Sidereal Time (B) 

True Earth-Centered, ~arth-~ixed 
1 

f Polar Motion ( A )  
Mean Earth-Centered, Earth-Fixed 

or 
Convent iona 1 Terrestrial (CTS) 

Figure A.16. Summary - Steps in ECI (CIS, Epoch J2000.0)-to-WGS 84 (CTS, ECEF) Transformation 
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