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PREFACE

Optimum wutilization of Defense Mapping Agency (DMA) production
requires that the accuracy of the source material, interim and final
products be considered. This atcuracy is expressed by an error statemént
which indicates whether the product is reliable and acceptable or should
be wused with discretion, Therefore, the error statement must be
representative of the product and have a sound statistical basis. The
purpose of this report is to present and explain the theory and procedures
for providing a valid and meaningful error statement.

The normal distribution of linear errors is explained in detail
because two and three-dimensional error distributions are more easily
analyzed statistically by individual treatment of the linear components.
The principles of the linear error distribution apply only to independent
random errors, assuming that systematic errors have been eliminated or
reduced sufficiently to permit treatment as random errors.

This report is based on three reports produced at the Aeronautical
Chart and Information Center (now the Defense Mapping Agency Aerospace
Center) . These reports are Principles of Error Theory and Cartographic
Application, ACIC Technical Report No. 96, February 1962; Users Guide to
Understanding Chart and Geodetic Accuracies, ACIC Reference Publication
No. 28, September 1971; and Circular Error Probability of a Quantity
Affected by a Bias, Studey No. 6, June 1963. This report borrows heavily
from the material in these three reports.

I" e vii
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1. INTRODUCTION

Cartography, photogrammetry, and geodesy, as practiced at the Defense
Mapping Agency (DMA), involve the measurement of physical quantities ‘and
the utilization of such measurements. Regardless of the precision of the
instrument, no measurement device or method gives the true value of the
quantity measured. Mechanical imperfections in instruments and the limi-
tations introduced by human factors are such that repeated measurements of
the same quantity result in different values. Variations among successive
values are caused by errors in the observations. The true error of each
observation is the difference between the true value of a quantity and the
measured value, -

While the theory of errors does not yield a true value nor improve the
quality of observations, it does provide a way of estimating the most
probable value for the quantity and of determining the certainty attribu-
table to the estimate. This measure of the certainty will be called the
precision index and ni]l be the value that is attached to the DMA product
to express the product's reliability. On such DMA graphics as the Air
Target Chart this evaluation is expressed in the form of a reliability
diagram. The reliability diagram will express the horizontal accuracy and
vertical éccuracy of the chart. Although some charts lack an accuracy
statement, the basic concepts of horizontal and vertical accuracy apply to
all series of charts and other products such as positioning data bases.

Using error theory, the user of DMA products can develop for himself
accuracy estimates for products that do not furnish reliability infor-
mation. This report will describe how to combine error measures to obtain
the reliability estimates desired by the user. Use of error propagation
techniques allow the user to relate DMA furnished accuracies to the
variables of his interest.
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2. ERRORS

2.1 (lasses of Errors

Errors fall into three general classes which may be categorized
by origin as (1) blunders, (2) systematic, and (3) random {11 [2] [3].

Blunders are mistakes or gross errors. Blunders may be caused by
the wrong reading of instruments, transposing numbers or equipment
failures. Blunders are usually large and easily detected. Blunders
cannot be considered part of the sample from a statistical point of
view. For this reason great care should be taken to avoid blunders when
making observations., Observation and data collection methods should be
planned to include redundancy and reasonableness checks. Since blunders
are considered to be outside the population, they should be investigated
and explained before being eliminated from the population. If there is no
evidence of disturbance in the observations or data causing the lack of
homogeneity in the population, data should not be eliminated solely on the
basis of the magnitude of the error. Often data or observations are
edited on the basis of a three sigma test. In this test the observations
are averaged, and any that are more than three standard deviations from
the mean are rejected. When an accuracy evaluation is being based on a
data set there can be no automatic elimination of data as blunders.

Systematic errors affect the observations in the same way, hence
they are hard to detect by repeated observation. Systematic errors may
have the same sign and value, the so-called constant error or bias. In
cartographic applications, systematic errors may occur due to instrumental
factors or due to human limitations. Systematic errors may follow some
pattern such as refraction or distortion due to the curvature of the
earth. The method of compensating for systematic errors is to model them
mathematically. The theorical model of the observations should attempt to
mathematically compensate for all known systematic errors. If the effect
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of the error is not included in the theoretical model, the error should be
removed from the observations.

Random errors result from accidental and unknown combination of
causes beyond the control of the observer. They are characterized by:
positive and negative errors occuring with equal frequency, small errors
occuring more frequehtly than large errors, and extremely large errors
occurring rarely. Random errors are the errors that remain after the
blunders and systematic errors have been removed. Due to their
unpredictably random errors cannot be eliminated from observations.
Because of these random errors it is impossible to measure (observe) the
'true' value, '

Though it 1is impossible to predict random errors, they have
characteristics that may be expressed mathematically. The random errors
of repeated observations usually display a normal frequency distribution.
Because of the nature of these characteristics, the frequency distribution
of random errors can be expressed mathematically by the normal distribu-
tion function. Assuming all errors are independent and random (conforming
to the normal distribution function) the analysis of these errors allows
us to derive accuracy information on the observation. The probability
that a random error will not exceed a certain magnitude may be inferred
from an analysis of the normal frequency distribution of the random
errors,

2.2 Precision and Accuracy

Although the terms precision and accuracy [1] [2] [4] are often
used interchangeably, there is an important difference between them. By
definition, precision is the closeness with which repeated measurements
made under similar conditions are grouped together; and accuracy is the
closeness of the best estimated value obtained by the measurements to the
"true” value of the quantity measured.




Figure 2-1.

Precision and Accuracy

DMA TR 8400.1
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~

Precision is affected only by the random errors in the measuring
process while accuracy is affected by the precision as well as the
existence of unknown or systematic errors. The difference between
precision and accuracy is illustra;ed in Figure 2-1 where the plots of

errors in a circular distribution are shown. In Figure 2-la, the points

are grohped closely together and the measurement is said to be “precise”.

It 1is also accurate because the center of the group coincides
with the center of the circle. In Figure 2-1b, the grauping is still
precise but inaccurate because it is not centered on the center of the
circle, Instead, the mean of the points is offset by a systematic error
or bias. The measurements shown in Figure 2-1b are “inaccurate" because
of the bias even though they are "precise® (grouped closely). In
Figure 2-1c, the points exhibit neither clase grouping nor nearness to the
center. They are, therefore, not precise and not accurate. Measurements
can be precise and inaccurate at the same time, but they can never be
accurate unless they are precise also.

The basic definition of an error distribution assumes that
systematic errors and blunders have been removed and only random errors
are left. However, systematic errors cannot be removed from positional
information unless some means exist for their detection such as comparing
this information against given control. Consequently, if systematic
errors are not removed, they will have an effect (for example) on geodetic
and photogrammetric measurements and the resulting positional information.
It is not always possible to remove systematic errors from positioning
information. To give the user some knowledge of the accuracy of the
product he is using, methods have been devised to state the uncertainty of

the products.

In the discussion of horizontal and vertical accuracy, the terms
relative and absolute accuracy are often used. Absolute accuracy has the
same meaning as accuracy, that is, how well does the measured quantity

33
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compare to the true value. DMA defines absolute horizontal accuracy as
the statistical evaluation of all random and systematic errors encountered
in determining the horizontal position of a single data point with respect
to a specified geodetic reference datum. It is expressed as a circular
error at the 90 percent probability level. Absolute vertical accuracy 1is
defined as the statistical evaluation of all random and systematic errors
encountered in determining the elevation of a single data point with
respect to mean sea level. It is expressed as a linear error at the 90
percent probability level. Absolute accuracy is determined by comparing
data points on a map, chart or re]aied product to points with known
horizontal positions and elevation on the specified geodetic datum and
mean sea level.  The absolute error will include all uncertaintfes and
biases associatedjwith relating the product to the specified datum. DMA
defines relative (point-to-point) horizontal accuracy as the statistical
evaluation of all random errors encountered in determining the horizontal
position of one data point with respect to another, It is expressed as a
circular error over a specified distance at the 90 percent probability
level, It defines relative (point-to point) vertical accuracy as the
statistical eva]uation‘of all random errors encountered in determining the
elevation of one data point with respect to another., It is expressed as a
linear error over a specified distance at the 90 percent probability
level, The - main thing that should be pointed out about relative
accuracies is that they do not translate into absolute accuracies. For
instance, the relative accuracy involved in resolving a point on an image
is not the absolute accuracy of positioning that point on the ground with
respect to a geodetic datum.

Obviously due to their nature, relative errors will be smaller
than absolute errors. If an absolute measure of the accuracy of a data
set or map is required, one way to obtain it is to compare the data to an
independent set of data that is known to be accurate in the geodetic frame
of reference. An example of this would be comparing map points to points
positioned by field survey which is on the datum for which the absolute
accuracy is desired,
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3. REVIEW OF THE BASIC CONCEPTS OF PROBABILITY

3.1 Probabi]itz

Probability [5] [6] is defined as the frequency of occurrence in
':proportion to the number of possible occurrences, or simply, the ratio of the
number of successes to the number of trials. Let A and B symbolize two com-
Pletely independent events. P(A) is called the probability set function of
the event "A", The value of P(A) is called the probability of event "A" and
the value of P(B) is called the probability of event "B". The probability of
any event must be between 0 and 1. That 1s, zero probability means the parti-
cular event will never take place, and a probability of one means that the
particular event will occur with each trial. For example, the probability of
rolling the number 7 with a single die is 0.0 (an impossible event), but the
probability of rolling a number from and including 1 through 6 is 1.0.

Rule 1. The probability of event A is equal to or greater than 0 but
equal to or less than 1,

0<P(A) <1
Rule 2. The probability of a failure, or the probability of an event
not occurring, is 1 minus the probability that it will
occur, !
1 - P(A) = failure of event A
Rule 3. The probability of two mutually exclusive events A or B
occurring 1is equal to the sum of their individual

probabilities.

P(A or B) = P(A) + P(B)




DMA TR 8400.1

An example is the probability of efther 2 3 or 4 occurring on the single roll
of die:

P(3 or4) =1/6 +1/6 = 1/3

Rule 4, The probability of two 1independent events occurring
simultaneously is equal to the product of their individual
probabilities.

P(A and B) = P(A) * P(B).

If A is the value of the first die and B is the value of the second die, then
the probability that A = 3 and B = 4 in a single roll of both dice,

P(A=3 and B =4) =1/6 * 1/6 = 1/36.

The probabilities of occurrence of the numbers summed from each of 36
possible combinations resulting from the single roll of two dice are presented
in Figure 3-1. The probability of rolling the number 7, for example, ts 6/36
or 1/6 since there are six combinations which have a sum of seven. A histo-
gram shown in Figure 3-1 {s a discrete representation of the normal
probability curve for the roll of two dice.

3.2 The Normal Distribution of a Continuous Random Variable [6] [7]

The area under the normal probability density curve (Figuné 3-2a,
page 14) represents the total probability of the occurrence of the continuous
random variable x and is equal to one, or 100%. The mathematical expression
of the curve is the normal probability density function, p(x):

2
- AX - H
plx) = —t—e %0 (3-1)
g Vor
where: x = the random variable

10
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|
‘ Number " Probability . ) Combinations
. 1 0
-2 1/36 - - (1,1)
- 3 2/36 (1,2) (2,1)
4 3/36 (1,3) (3,1) (2,2)
5 4/36 (1,4) (4,1) (2,3) (3,2)
- 6 5/36 (1,5) (5,1) (2,4) (4,2) {3.3)
, 7 6/36 (1,6) (6,1) (2,5) (5,2) (4,3) (3,4)
- 8 5/36 (2,6) (6,2) (3,5) (5,3) (4,4)
9 4/36 (3,6) (6,3) (4,5) (5,4)
. 10 3/36 ~ (4,6) (6,8) (5,5)
11 2/36 (5,6) (6,5)
‘ 12 1/36 (6,6)
13 0
‘
|}
l 6/36
| 6/36 40 r\\\ 5/36
ir 4/38 // AR ,\\ 4/36
3/33//| ) S & N
2384~ -1 —p oo 10N 536
./ _: Loborpr Lo
17384 - S — b -1 it iatr il ol e~ UC
_1 g S~
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u = a parameter representing the mean value
of x

c = a parameter representing the standard deviation,
a measure of the dispersion of the random
variable from the mean, u . (The square
of the standard deviation is called the varfance.)

vZn = 2.5066,..

e = the base of natural logarithms, 2,71828...

The parameters are computed from an infinite number of random variables:

(3-2)

o= (3-3)

where:
n = the number of random vgriéblgs ‘

The normal probability distribution function, P(x), determines the
probability that the random variable wT1f assume a value within a certain
interval and is derived from the normal probability density function by
integrating between limits of the desired interval. Letting the limfts range
from - « to x:

12
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X
P(x) = [ p(x) dx

P(x) = (3-4)

Q
)

8 — Ix
|-
4]
N
Q
(=N
x

The value of P(x) ranges between 0 and 1, illustrated in Figure 3-2b. As X
approaches its upper 1limit, P(x) approaches 1; as x approaches its lower
limit, P(x) approaches zero. This is true since x cannot exceed nor be less
than its defined limits. ‘
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Pl

m k

-~ Figure 3-2a.  Normal Probability Density Curve

Figure 3-2b.  Normal Probability Distribution Cuwg
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4. ONE-DIMENSIONAL (LINEAR) ERRORS

4.1 Linear Errors [4] [8]

_ An error in a measurement is the difference between the "true" value
of a quantity and the measured or derived value. The "true" value can never
be determined because of instrument limitations and human fallibility, but can
be estimated by taking a sufficient number of measurements. In determining
the value of a quantity, only one measurement may be necessary when an approx-
imate value is sufficient. If, on the other hand, the quantity is important
enough to require a more precise value, repeated measurements are made,
Variations will exist between the values obtained from several measurements,
Applying the theéry of the normal distribution to these measurements, the
"best" value for the quantity is the Mean or average of all the observed
values. The differences between the mean, usually denoted by the Greek letter
"mu" (u), and the observed values are the apparent errors or residuals which
are used to estimate a statement of precision for the measuring process. When
the residual errors (the measurement minus the mean) here denoted by (x), are
randomly distributed ébout the mean, the precision of the measurements is
expressed by a single term, the standard deviation. The standard deviation is
designated by the Greek letter "sigma" (o)and sometimes referred to as the one
sigma (lo) error. The square of the standard deviation (02) is called the
variance, For a linear distribution, the standard deviation is computed by
squaring all the restdual errors, adding the squared values, dividing by the
number of errbrs (1ess one), and taking the square root:

L2
°=/ wI

4.2 Application of the Probability Density Function to Random Errors [7]

The normal probability density curve of an infinite number of mea-
surements of the unknown quantity X is expressed by parameters analogous to
those of equation (3-1). The true value, Mo is the mean of the distribution
of the observed values X1, X3, X3, eoeXpe The curve, illustrated in
Figure 4-1 (page 17), has the mathematical form:

15
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(X - w)?
L T
p(X) = e ¢ (4-1)
av 2n
I (xi - Hx)z
where: o= 1=1

The normal probability density curve of errors has a mean of zero and is
identical in form to that of the observed values. Illustrated in Figure 4-2
(page 18), the curve is described by the functfon:

2 v %

p(e) (4-2)

]
1 ]

where: €

the true error;
e=Xj-uy

the standard deviation of the errors

Q
]

Since the true value of a quantigy cannot be measured and an infinite
number of measurements {is impractical, estimitéd values obtained from a finite
number or sample of measurements must be substituted for the true value and
the parameters of the density function, As\the number of measurements in the
samplé becomes larger, the reliability of the estimate increases. Often, 30
values provide an adequate estimate. The most probable value ( Y')

approximates the true value and 1is determined from the arithmetic mean of l 3
observed values:

% |
Xy
x -1l (4-3) H
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P (X)

Xi=Hyx — €. -0 My . +0 X; =My + €

Population

p (X)

+Ox X|=:-X-+x‘

Figure 4-1. Normal Probability Densiity Curve of Observed Values
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(Xj <y B (X = uy) (X; > puy)

Population

pix)

x 0 ""ax \ +X
(X; < X) Xi=X) (X;>X)
Sample

Figure 4-2, Normal Probability Density Curve of. Errors
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The true error is approximated by the residual "x*, hereafter designated the

- error and defined as the difference between the observed value and the most
- probable value:

X = x.i - 7 ) . (4-4)

The standard deviation computed from a sample (o&) is {dentified by a
subscript and computed from:

I K
% = /T (4-5)

This term is sometimes referred to as the standard error. The normal
probability density function of errors now becomes :

x2
: 1 - 75;2_
p(x) = _——TZE:- e (4-6)
o, Y2x

The parameters X and o, may assume different values as various sam-
ples are selected from the same population and are, therefore, random vari-
ables with dispersion expressed by similar parameters. The standard deviation
of mean, o-x; and the standard deviation of the standard deviation, o, » indi-
cate the reliability of the estimate and help "round off" the computed values:

n 2
= 131 s (4_7)
°Y ni(n-1)

= i = (4‘8)
%o 2 (n - 1)2 ;; (n-1)
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4.3 Precision Indexes

A precision index [7] reveals how errors are dispersed or scattered
about 2zero and reflects the 1limiting magnitude of error for various
probabilities. For example, 50% oﬁ all errors in a series of measurements do
not exceed 120 feet; 90% do not exceed 149 feet. Although different errors
are given, each expresses the same precision of the measuring process (Figure
4-3, page 22)., The standard deviation ( o, ) and average error (n) are two
indexes with theoretical derivations, Common usage has included three
additional probability levels which are, in effect, precision findexes: (1)
probable error (PE), (2) map accuracy standard (MAS), and (3) and three sigma
error (30) . _

The standifd deviation is the most important of the indexes and has
the probability of:

*oy

P(x) = f p(x) dx = 0,6827 (4-9)
-0,

Or, 68.27% of all errors will occur within the limits of L

The average error is defined as the mean of the sum of the absolute
values of all errors:

n
1 1= T
n= i=1 - ) L:L (4-10)

The probability represented by the average error is 0.5751, or 57.51%. The
average error is easily computed from the standard deviation:

n=0.7979 o, | (4-11)
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The. probable error is that error which 50% of all errors in a ’
Tinear distribution will not exceed. Specifically, the true error is equally
likely to be 1larger or smaller than the probable error. Expressed
mathematically: ‘

PE

b
/ p(x) dx = 0.50 ’ (4-12)
a

The probable error is computed from the standard error:

T x
PE = 0.6745 T—:—f = 0.6745 Ux (4-13)

The U.S. National Map Accuracy Standards specify that no more than
10% of map elevations (a one-dimensional error) shall be in error by more than
a given limit. The standards are commonly interpreted as limiting the size of
error of which 90% of the elevations will not exceed. Therefore, the map
accuracy standard i; represented by:

bl
MAS = [ p(x) dx = 0.90 (4-14)
al

or, computed from the standard deviation:
MAS = 1.6449 o, | (4-15)

The three sigma error,'as the name implies, is an error three times

the magnitude of the standard deviation. The 3o error is used because it
approaches near certainty -- 0.9973 or 99.73% probability. Since the
probability of a 1linear random error falling outside these 1limits is
sufficient cause to consider such errors as "blunders”.

The meaning of the standard deviation with respect to the normal
distribution function is illustrated in Figure 4-3. The vertical axis, p(x),
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represents the mean value for the measured quantity. The normal error
distribution function about the mean is expressed in one sigma units centered
on the mean. . The property of the distribution curve is twofold:

- The total area under the distribution curve is equal to unity.

- The area under the curve between anmy two values of x; and xp 1is
equal to the probability of an error occurring between these limits.,

- The area under the curve between the limits X =0 and Xp = -0
is 68.27% of the total area under the curve. Under the assumption that the
errors are normally distributed, this means there is a 68.27% probability that
errors in any further measurements under the same conditions will not exceed
the standard deviation. The standard deviation does not indicate the
probability that an error of a certain size will occur, it only indicates that
approximately 68% of the errors will fall within the specified limits of plus

or minus one sigma.

-X

b= 50%(PE)
%--—»ea%'(ifx)——-l

- 90% (MAS)
' 99.7%(30)

Figure 4-3.  Normal Linear, Distribution
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Factors for converting from one probability level to another are
shown in Table 4-1. For example, an error of +20 feet in elevation at 90%
probability can be converted to 112 feet at 68.27% by multiplying 20 feet by
the factor 0.6080.

Table 4-1

Linear Error Conversion Factors

To
From 50.00% 68.27% 90.00% 99.73%
50.00% 1.0000 1.4826 2.4387 4.4475
68.27% 0.6745 1.0000 1.6449 3.0000
90.00% 0.4101 0.6080 1.0000 1.8239
99.73% 0.2248 0.3333 0.5483 1.0000

4.4 Examples of Linear Errors

The foregoing discussion demonstrates the use of the normal distribu-
tion in the analysis of random errors. There are numerous opportunities for
the occurrence of random variables in cartographic and geodetic work. For
example, the base lines and measured angles, observed lengths of lines, eleva-
tions, etc., resulting from geodetic triangulation, traverse, and leveling all
contain error. Celestial and gravimetric observations as well as distances
measured by trilateration are also examples of measures where linear errors
occur. The principles of error theory can be used advantageously to analyze
the results in terms of the specifications established for the survey.

At DMA, the normal linear error distribution has important applica-
tions with respect to evaluating the accuracy of positional information. In
addition to the one-dimensional errors which exist in such positional data as
elevations above mean sea level, the linear error components of two-dimen-
sional positions can be analyzed by applying principles of the normal linear
error distribution. The following sections contain discussions of the utility

of the 1linear standard error for analyzing two and three-dimensional
distributions.
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.5, TWO-DIMENSIONAL (ELLIPTICAL, CIRCULAR) ERRORS

5.1 Introduction

_ A two-dimensional error is the error in a quantity defined by two
random variables. For example, consider the true geographic position of a
point referred to the X and Y axes. Each observation of the X and Y
coordinates will contain the errors “x* and "y". When assumed random and
independent, each error has a probability density distribution of:

x2
_ " 26,2
px) = wt_e X
oy Von
2
1 " 262
and: ply) = e Y
oy/Z?

Applying Rule 4 of Section 3.1., the two-dimensfonal probability density
function becomes:

‘ 2 2
. - 1 ( X + Yy )
plxyy) = —2—e 2792 o7 (5-1)
2n o qy
Rearranging terms: 2 2
1 ( X + Yy )
: | Tttt
= g o
{;3* p(X:.Y) Oxdy 2'" = @ X y
Therefore:
-2 1n [ pxy) o 0 2] =Xy 4ds (5-2) »
o qy |
Inun
For given values of p(x,y), the left side of equation (5-2) is a constant
K2
25
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Then:
2 2
2 . X -
x-ozwb- {(5-3)
X y

For values of p(x,y) from 0 to = , a family of equal probability densit
ellipses are formed with axes K dx and K ¢, . ‘

y
When Oy = 9y equation (5-2) becomeé: ; (5-4)
-20x2 In [p(x.y) "xz Za] = xZ+ yz

For a given value of p{x,y), the left side of equation (5-4) is a constant
which is the square of the radius of an equal probability density circle.

The probability density function integrated over a certain region
becomes the probability distribution function which yields the probability
that x and y will occur simultaneously within that region, or:

P(xoy) = [ ] plx,y) dx dy (5-5)
However, since both positive and negative values of either ®x™ or "y" will
occur with equal frequency, the errors may be considered as radial errors,

designated by "r", where r = X"+ y .

5.2 Elliptical Errors

The probability of an ellipse [10] is given by the distribution

KZ
T

P(x,y) = 1 -¢ (5-6)

The solution of equation (5-6) with values of K for different
probabilities yields the results shown in Table 5-1, For a 39%
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probability, the axes of the ellipse are 1.000 9 and 1.0000 oy; for a

50% probability, the axes are 1.1774 oy and 1.1774 Oy -

Table 5 - 1

Values of the Constanht K

Probability K
39.35% 1.0000
50.00% 1.1774
63.21% 1.4142
90.00% 2.1460
99.00% 3.0349
99,.78% 3.5000

The use of the error ellipse is complicated by the problem of
axes orientation and propagation of elliptical errors. Therefore, the
ellipse is commonly replaced by a circular approximation which is easier
to use and understand.

5.3' Circular Errors

The probability distribution function [9] of the radial error
expressing the probability that “r" will be equal to or less than radius
R, or the probability that the point (x,y) will be contained within a
circle of radius R, is derived in Appendix D and stated as:

2
r %
-— [1 +---z] 2
P(R) = L ,}re 4o % 1 [-._-2'2 (—-zoy - 1)1 dr (5-7)
oqu Y L P o
0 Yy X

A special case of the P(R) function (5-7) is formed when r=R, and
. =0 =o0.= 0. . From Appendix D, part 2:
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P(R) = Pc =1-¢ ‘ {5-8)
Pc = the circular probability distribution function, a special
case of P(R)
R = the radius of the probabflity circle

o. = the circular standard error, a special case of crwhen

= =
Or, Ox Oyo

When g, and oy are not equal, the P(R) function, (5-7), is
modified by letting "a" equal the ratio o / oy where o, 1s the smaller
standard error of the two. Then from Appendix D, part 3:

P(R) =__.2.9.7 ’} e’ I, (vk) dv : (5-9)
1 +a 0
where:
R 1+ al
X = 3 L . ]
4
ay a
_ rz 1+ az
v = 4 2 [ az ]
%
K = ) a2
1+ az

Equation (5-9) can be solved for differént probabilities or values of P(R)
representing precision indexes of the error distribution,
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5.4 Circular Pfecision Indexes

The precision indexes [10] illustrated in Figure 5.1 (page 35)
are measures of the dispersion of errors in a distribution and represent
the error which is unlikely to be exceeded for a given probability. ‘The
preferred circular precision indexes, consistent with indexes used in the
linear distribution, are: (1) the circular standard error ( o, ), (2) the
circular error probable (CEP), (3) the circular map accuracy standard
(CMAS), and (4) the circular near-certainty error, three point five sigma
(3.5 9 ). The mean square positional error (MSPE), an additional index

which has been used at DMA, is not recommended because the probability
represented varjes when % and o, are not equal.

The probability of the circular standard error is found by
solving equation (5-8) for Pe when % = R , thus:

0. 2
Po= 1-ce
&
Pe= 1-e
Pc = 1 - 0.60653
«*e Po = 10,3935 (5-10)

That is, 39.35% of all errors in a circular distribution are not expected
to exceed the circular error.

For a truly circular distribution, the linear standard errors are
equal and identical to the circular stgndard error (ox = oy = oc) . When
9y and oy are not equal, a normal circular error distribution may be
substituted for the elliptical distribution. The substitution is
satisfactory for error analysis within specified °m1n/°max ratios.
Because of distortion in the error distribution for low ratios, however,

the circular concept should be used with discretion.

29
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Note:

When P(R) = 39.35%,

Table 5-2
Solution of P(R) Function for P(R) = 39.35%
min %
- S x | | Gmax
1.0000 1.0000
0.8165 0.9063
0.6547 0.8197
0.5000 ‘0.7323
0.3333 10.6327
0.2294 0.5727
0.1005 0.5274
0.0 0.5151
R ~ Cco
Table 5-3

Solution of

P(R) Function for P(R) = 50.00%

min

_CEP
%max “nax
1.000 1.1774
0.8165 1.0683
0.6547 0. 9690
0.5000 0.8707
0.3333 0.7696
0.2294 0,7174
0.1005 0.6835
0.0 . 0.6745

Note: When P(R) = 50.00%, R ~ GCEP
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An approximate circular standard error is determined from
equation (5-9) by letting P(R) = 39.35% and R = o, « Values of o/,
for ratios of °min/°max from 0.0 to 1.0 are contained in Table 5-2 and
plotted in Figure 5-2 (page 39). For the °h1n/°hax ratio between 1.0 and

0.6, the curve is a straight line with the equation:

o, ~ (0.5222 Oin * 0.4778 qnax) . (5-11)
A rapid approximation gives a slightly larger 9% value for the same
°hin/°hax ratio:

o i .E i . - .ﬁj .
, 3

o. ~ 0.5000 (o* + qy) . (5-12)
As °min/°max approaches zero, the 39.35% probability curve follows a
transition from circular, through elliptical, to the linear distribution
form. The curve does not effectively represent a circular standard error
for Qmin4°hax ratios less than 0.6 because it is not compatible with
other circular precision indexes. For example, the factor 1.774 converts
a circular error at 39% probability to a circular error at 50% probability
when qmin/Qmax = 1,0, but when %min = 0, the factor converting a linear
error at 39% probabiltiy to a linear error at 50% probability is 1.3094.
The circular standard error computed from equation (5-12), however, can be
converted to other circular precision indexes by constant circular
conversion factors for omin/ormax ratios between 1.0 and 0.2 and is,
therefore, the preferred method for approximating the circular standard

error,

The circular error probable is the circular error which 50% of
all errors in a circular distribution will not exceed, or the value of R
in equation (5-5) which makes Pc = 0.5, The CEP in a truly circular

distribution (i.e. oy =0, =0 ) is computed by:

R2
T 202
0.5=1-c¢e ¢

k)|

R TR+ 7 T T T T - P e
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R2
1-05= ¢
2
Th 0.5 = « R
Zoh

RZ = 0.69315 (20.%)

R = 1,1774 A

CEP = 11,1774 9% (5-13)

X -
equation (5-9) by letting P(R) = 50.00% and R = CEP, Values of CEP/ O

for ratios of min/° from 1.0 to 0.0 are tabulated in Table 5-3. The
50% probability curve p1otted in Figure 5-3 is approximated by a series of
straight lines for different ratios of %min’ %max with the equations:

when‘ o, and oy are not equal, an approximate CEP is determined from

CEP ~ (0.6142 ¢ 1n+ 0.5632 omax)
when Wmin/a is between 1.0 and 0.3

CEP ~ (0.4263 o, ; + 0.6196 o )

when Gnin/"max 1S between 0.3 and 0.2

A rapid approximation of the CEP plots as a siraight line which intersects
the 50% probability curve at the point where qmin’“hax = 0,2 and has the
equation:

§

CEP ~ 0.5887'(0 +oy)
when o / 1s between 1.0 and 0.2

max

The CEP computed by this equation is compatible with the circular standard
error computed by equation (5-12) and is, therefore, the preferred method
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for approximating the circular probable error within the specified limits.

Although a circular error concept is not recommended for

°hin/°hax ratios less than 0.2, a nearglinear 50% probabilty error may be
computed to represent a CEP for lower ratios when a comparison of circular
errors derived from different sources is required:

CEP ~ (0.2141 %nin ¥ 0.6621 o )

max
when qmin/°hax is between 0.2 and 0.1

CEP ~ (0.0900 Onin * 0-6745 qmax)

“-when %in/%max 15 between 0.1 and 0.0

CEP ~ 0.6745 Omax
when %Min = 0

The following alternate methods of computing an approximate CEP are not
recommended because of 1imited applicability:

2 2
g

[+
CEP ~1.1774 "—2-"-—1-
and CEP ~ 0.8325 /axz toQ

when o . /o .. is between 1.0 and 0.8

The mean square positional error is defined as the radius of the
error circle equal to 1.41420c and has little significance in a truly

circular error distribution. However, when ¢, and oy are approximately

X
equal, the MSPE defines the error in a geographic position and is

computed:
MSPE = /of + oyz (5-14)
when °hin/°hax is between 1.0 and 0.8
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The probability represented by the MSPE can be found by solving equation
(5-8) for P_ , when R = MSPE and o is approximated by equation (5-12),
thus:

2
R
R
P = 1-e %%
[of
; (oxz + oxz)
. 2
P, = 1-e Zo, (5-15)
When o, = qy :
- -1.0
PC = ] -8
Pc =1 - 0.3679
P = 63.21% " (5-16)

When o, * o, the solution of (5-15) yields yalues of P ranging from 64%
variation in probability, the MSPE is not recommended for use as a

precision index.

The 2drms accuracy standard has been suggested [11] for use in
the navigation community., The 2drms is defined by:

2drms = 2/ ¢ 2 4 5 2

X ¥y

Hence, it will have a radius twice the MSPE. The percentage level for the
2drms is 95.4%. Like the MSPE, it will vary in probability and may be
skewed by large errors.

2drm = 2,99 o,

34
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Normal Circular Distribution

Figure 5-1.
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