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This work is undertaken to support the development of GEOTRANS, and the review of other map-projection software.

ü Introduction
The explanations to follow will refer to the Stereographic Projection of the North polar regions.  Readers will realize that the
situation with the South Polar Stereographic projection is symmetric.

The Polar Stereographic map projection, as defined by ISO/IEC 18026 and other places, allows a factor to adjust the scale of the
map projection.  This number is called the "central scale" in the above ISO document, and is notated k0 there.  When it is 1, the
local scale of the map projection at the North Pole is 1.  It has to be between 0 (excluded) and 1 (included).  That is, 0 < k0 ≤ 1.
The UPS grid system employs the Polar Stereographic projection using k0 = 0.994.

If k0 < 1, then there is a parallel circle at latitude φ1, along which the local scale is exactly 1.  The number φ1 may be called the
"latitude of unity scale".  Also, the parallel circle at this latitude is called the "standard parallel".  Any arc of the standard parallel
defined by an interval of longitude λ2 − λ1  has the same length on the map projection plane as it does on the ellipsoid.  The
formula is

arclength = a Hλ2 − λ1L ∗ Cos@φ1D
1 − ε2 Sin@φ1D2

where "a" is the semi-major axis of the ellipsoid, and ε is the eccentricity of the ellipsoidal, and λ1 and λ2 are the longitudes (in
radians) that mark the endpoints of the segment of the parallel circle.  The reader will understand how to take into account the
discontinuity of longitude that occurs as specified, often at λ = ±π = ±180 °.

Generally speaking, the Polar Stereographic projection enlarges or shrinks the parallel circles.  Only the standard parallel is
portrayed arclength-true.

ü k0 as a function of φ1
The two quantities, k0 and φ1 are dependent.  k0 is straightforwardly a function of φ1 as follows:

(1)k0 =
1 + Sin@φ1D

2
∗

k90H1 + ε Sin@φ1DL1+ε H1 − ε Sin@φ1DL1−ε
where k90 is defined

k90 = H1 + ε L1+ε H1 − ε L1−ε
Substitute φ1 = 90 ° into Equation (1) to see that k0 = 1 in that case.  Equation (1) may be derived from the discussion of the
Polar Stereographic projection in Table 5.22 of ISO/IEC 18026.

Observe the following plot of k0 versus φ1 for the WGS84 ellipsoid
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Despite appearances, if the Equator is the standard parallel, k0 is not exactly 0.5000.  It is k90/2 or 0.501678 in the case of the
WGS 84 ellipsoid.  See Equation (1).

ü k0 as a function of s = Sin@φ1D
Look again at the above plot of k0 versus φ1.  Just where the graph holds most interest, i.e. near the Pole, i.e. near φ1 > 90 ° is
where the curve is flat, making numerical difficulties for the problem of computing φ1, given k0.

It is informative to see how the bend in the curve is caused by the sine function.  When that is taken out, the plot of k0  versus
s = Sin@φ1D reveals this, instead:
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One should flatten the ellipsoid severely, such as flattening f = 1
20

 in order to see the departures from the simple curves these

appear to be.
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ü φ1 as a function of k0
The more difficult conversion is the inverse relationship — to compute φ1, given k0,  Although Equation (1) is not easily solved
for φ1, the following equation obviously holds:

(2)Sin@φ1D =
2 k0 H1 + ε Sin@φ1DL1+ε H1 − ε Sin@φ1DL1−ε

k90
− 1

Equation (2) suggests the substitution s = Sin@φ1D, and the following iteration scheme:

(3)s k+1 =
2 k0 H1 + ε s kL1+ε H1 − ε s kL1−ε

k90
− 1

where s k is the kth iterate of trying to find s = Sin@φ1D that satisfies Equation (2).

If a good starting value can be found, or even if a lousy starting value is used, but there is always convergence, then this is an
algorithm for the desired function k0 ö φ1.  The starting value s0 = 0 works.  So also does s0 = −1 + 2 k0 which is slightly
more efficient, generally.  Other starting values can be found by linear interpolation of the k0 versus "s" plot, or linear interpola-
tion of the portion of the plot of interest.

ü Other iteration algorithms
A cheap version of the Newton-Raphson method was tried using

(4)sk+1 = sk + 2 Hk0 − f@skDL
where f@sD = the right hand side of Equation (1) evaluated at Sin@φ1D = s.  The cheapness is in the approximation of the

derivative as f'@sD >
1

2
.

It works, but not better.

ü Numerical examples
The following two tables pertain to the WGS 84 ellipsoid, i.e. a = 6 378 137 and f -1 = 298.257223563, where a is the semi-major
axis and f -1 is the inverse flattening.

In the table at left, the values of φ1 are exact and the values of k0 are computed to as many digits shown.  In the table at right, the
values of k0 are exact, and the values of φ1 are computed to as many digits as are shown.
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φ1HdegL k0HnoneL
−75 0.017 259 384 673

−60 0.067 773 950 243

−45 0.147 883 853 421

−30 0.251 891 492 664

−15 0.372 562 837 459

0 0.501 678 277 625

15 0.630 570 160 065

30 0.750 629 794 742

45 0.853 799 593 615

60 0.933 069 071 736

75 0.982 966 757 777

80 0.992 404 648 246

81 0.993 844 677 874

82 0.995 134 351 941

83 0.996 273 262 333

84 0.997 261 048 527

85 0.998 097 397 746

86 0.998 782 045 101

87 0.999 314 773 702

88 0.999 695 414 760

89 0.999 923 847 656

90 1.000 000 000 000

k0HnoneL φ1HdegL
0.1000 −53.337 403 999 811

0.2000 −37.116 011 177 617

0.3000 −23.825 251 373 649

0.4000 −11.763 627 302 241

0.5000 −0.192 963 050 538

0.6000 11.385 608 705 462

0.7000 23.471 956 301 947

0.8000 36.808 078 424 089

0.9000 53.106 923 780 672

0.9100 55.064 894 505 323

0.9200 57.123 352 185 495

0.9300 59.302 785 064 482

0.9400 61.631 355 734 180

0.9500 64.149 649 327 832

0.9600 66.920 027 216 673

0.9700 70.047 603 511 896

0.9800 73.737 632 650 010

0.9900 78.520 890 585 055

0.9910 79.111 860 671 964

0.9920 79.736 353 686 644

0.9930 80.400 910 884 378

0.9940 81.114 517 868 594

0.9950 81.890 113 174 369

0.9960 82.747 558 146 254

0.9970 83.720 292 647 173

0.9980 84.873 530 910 724

0.9990 86.375 668 096 133

0.9991 86.561 716 515 710

0.9992 86.758 411 486 352

0.9993 86.967 824 204 285

0.9994 87.192 799 401 974

0.9995 87.437 432 634 553

0.9996 87.708 009 826 129

0.9997 88.015 112 711 542

0.9998 88.379 374 422 928

0.9999 88.854 064 538 034

1.0000 90.000 000 000 000
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