
5. WGS 84 EARTH GRAVITATIONAL MODEL (EGM) 

5.1 General (Philosophy Underlying the Solution) 

The WGS 84 Development Committee decided quite early that the 

following subset of EGM development objectives could be met by application 

of the method of least squares in a unified general geodetic solution: 

- Determination of the coefficients of a spherical 
harmonic representation of the gravitational potential 

to at least the 36th degree and order. 

- Recalibration of the systematic errors in the Doppler 

point positioning system to the one meter precision 

level. 

If successful, WGS 84 would be a significant improvement over the previous 

system (WGS 72 ) ,  and an advance in the state of the art of geodesy. 

The fol lowing (somewhat contradictory) general principles have 

guided the preparation of both intermediate and final results in the 

unified solution process: 

- The use of a wide and fully representative collection of 

data, with separate normal equations and evaluation 

standards for each data type. 

- Independent evaluation standards for final evaluation of 

solutions. 

- Accuracy in the computations and in the physical models. 

- Statistical treatment of unmodeled physical effects in 
the formation of normal equations. 



- Cost effectiveness in the data exploitation plan, model 
computations, and evaluations. 

Their judicious application should lead to a relatively straightforward 

solution for model parameters from combined normal equations (after 

careful development of the equations themselves). In the present EGM 

development (in contrast to that for the WGS 72 EGM), this hope has 

largely been realized. 

Those familiar with the WGS 72 report will recognize considerable 

similarity between the EGM development plans for WGS 84 and WGS 72. 

Nevertheless, the following main differences between the two cover every 

aspect of the EGM development process: 

- Better physical modeling through selection of a larger 
gravitational potential parameter set. 

- Improved equation development, including statistical 
treatment of unmodeled effects, and the consequential 

abandonment of empirical weighting of normal equations 

in the combination solutions. 

- Use of newer and more accurate supporting data. 

In the following Sections of this report, these features of the WGS 84 EGM 
development process are discussed in detail. 

5.2 Data Sets Used In EGM Development 

5.2.1 General 

Both the WGS 84 and previous WGS earth gravitational 

models, as well as several non-DoD models (such as GEM 101, have been 

principally determined by least squares solutions based on surface mean 

gravity anomalies and satellite tracking observations. The fact that such 



combination solutions have largely replaced the historically independent 

solutions (based solely on satellite or surface gravity data) must be 

attributed primarily to their demonstrable superiority, and secondarily to 

the absence of comprehensive evaluative material unrepresented in the 

supporting data set with which they might be criticized. The same 

motivations have led to the consideration for inclusion of satellite radar 

altimetry and lumped gravitational potential harmonic data in the 

supporting data set for the present EGM development. Regardless of the 

reason for inclusion, each of these data resources has a distinct and 

significant contribution to make, and must be analyzed to define an 

effective exploitation plan. 

Satellite tracking data has been used in earth 

gravitational model development since the early 1960's. Medium altitude 

satellites (perigee height of 700 to 1200 kilometers) have been relied 

upon in this work since they are high enough to be free of large 

unpredictable atmospheric drag effects and low enough to be sensitive to a 

significant number of gravitational potential harmonics. 

This sensitivity, measured in terms of the resultant 

periodic (or other detectable) orbital perturbat ions, is largest for the 

zonal harmonics (which exert an almost identical force history on each 

satellite revolution). The so-called primary resonant tesseral harmonics 

(those which produce a slowly changing or long-periodic force history on 

each revolution because their order is close to the number of satellite 

orbital revolutions in one day) excite the next largest effects. These 

are followed by the harmonics of the lowest non-resonant orders, secondary 

resonant harmonics (order close to the number of revolutions in two days), 
and other non-resonant orders. Considering nominal sized harmonic 

coefficients, the size of the corresponding orbital perturbations varies 

from hundreds of meters for the principal contributors to much less than a 

meter for the high-order non-resonant tesseral harmonics. The 

exploitation of extremely accurate tracking data is necessary if these 

small sub-meter periodic orbital effects are to be resolved. 



The first requirement of a satellite data exploitation 

plan is a definition of the information content of satellite orbital 

histories. The first consideration is that the number of passes, and not 

the generally much larger number of processed observations, limits the 

information reducible from the data. Effectively, each pass contributes 

only two observations, and, because of the correlation of model errors, 

little new information is obtained from additional passes close to those 

already processed. Also, the similarity of orbital perturbations of 

harmonics of the same order for a given sate1 1 ite (inclination) further 

1 imits the reducible information content to four determinate ( 1 inear 

combinations of) harmonics of each order being solved for. For a solution 

to the 30th order (assuming such a model can be supported by satellite 

data alone), each satellite could contribute at most 244 effective 

observations. 

To extract this information, some investigators [5.1] have 

advocated observing each satellite throughout a full revolution of peri- 

gee, although theory and experience with modern Doppler satellite data 

show that processing observations at two distinctly different perigee 

conditions is sufficient. (If observing at only one perigee condition, up 

to half of the above information may be lost.) 

To obtain the necessary number of passes, only a few days 

of Doppler tracking is needed, since from 50 to 200 passes per day are 

typical during observation campaigns. However, two six-day spans were 

recommended to ensure tracking at least one full cycle (which is two days 

or longer) of the primary resonant perturbations at each perigee 

condition. Because of the relatively lower density of laser passes 

(typically eight per day during campaigns), it was thought necessary to 

process much longer spans (60 to 120 days) to fully extract the basic 

orbital information using this data type. 

To the extent that additional data for the same satellite 

(inclination) is processed beyond the above minimum sufficiency point, 

only additional strength of determination of the same basic orbital 



information is obtained. To obtain information on different (linear 

combinations of) harmonics, it is necessary to process tracking data for 

distinctly different (inclinations of) satellites, or to utilize 

non-satellite data. 

The other principal data contributor (and, in fact, the 

main support of the present solutions) is surface mean gravity anomaly 

data. Mean gravity anomaly data has also been used historically in earth 

gravitational model development since the 1 9 6 0 ' ~ ~  although not always in 

conjunction with the method of least squares. Of particular interest in 

this regard are the WGS 66 mean gravity anomaly-based EGM C5.21, the 

OSU 81 EGM [5.3], and the independent orthogonal integration solutions to 

be presented later in this Chapter. 

Aggregation of the point gravity measurements to 

equal-area means is an effective way to reduce the very large number of 

available data to a tractable and geographically balanced supporting data 

set for earth gravitational model development. At the same time, 

averaging minimizes the corrupting influence of unmodeled higher degree 

gravitational harmonics according to Pe 1 1  inen's area averaging factors 

C5.41. Averaging, in practice, is performed using the worldwide 1°x10 

equiangular mean gravity anomaly set as the basic data. 

In the exploitation plan for surface data, the grid 

spacing and averaging area need to be defined. It is customary to equate 

the grid spacing and area size so as to obtain the maximum number of 

independent aggregated means (without correlation due to common included 

1°x10 data). The area size must be selected by trading off the relatively 

greater number of observations (effectively informat ion, whi le this number 

is small) against the relatively lesser strength of each observation 

(according to the increase in the unmodeled error variance) as the 

averaging area decreases. The use of 3Ox3" area means extracts 

gravitational model information from the basic data which is sufficient to 

determine harmonics out to the 60th degree without aliasing due to 

(nearly) uniform grid spacing. (Aliasing would have been possible at the 



36th degree using the more conservative 5Ox5" means selected in other EGM 
developments. ) 

Because of the widely varying accuracies and possible 

inter-observational correlations with some observational types 

contributing to the basic gravity anomaly data set, it is also necessary 

to consider which types will be admitted to the determination of the 

equal-area means. In this exercise, a rather broadly inclusive philosophy 

has been followed. In particular, mean gravity anomalies determined by 

transformation of GEOS-3 and SEASAT-1 geoid height data 15.51 - 15.71 have 

been used wherever the more conventional surveying or extrapolation 

methods are of lower accuracy. This decision results in a substantial 
improvement of the mean gravity anomaly data set over the oceans. 

Furthermore, it would (essentially) not be a dual inclusion of data area 

if 3"x3" altimetric mean geoid heights were also to contribute to a 

solution, since the geoid height to gravity anomaly transformation relies 

heavily on very high frequency information not contained in the 3Ox3" mean 
geoid heights. 

Principles for the inclusion of altimetric mean geoid 

heights are quite similar to those just enunciated in the discussion of 

mean gravity anomalies. However, it is important to note that while mean 

gravity anomalies contribute strongly to the determination of all the 

harmonics, the altimetric mean geoid heights serve mainly to define the 

long and intermediate wavelengths of the earth's gravitational field. 

Under these conditions, the averaging area size is less critical and was 

set to 3"x3" to maintain consistency with the surface element size used 

for forming the mean gravity anomaly data. 

Two other data contributors which are new to WGS EGM 

development, namely tracking data for the NAVSTAR GPS and LAGEOS 

Satellites, serve mainly to define the harmonic coefficients of low degree 

and order. In the case of the very high altitude GPS satellites, the 

contribution is almost exclusively limited to the resonant even order 

harmonics. With this exception, the same analysis applies to these higher 



altitude satellites as was given earlier for medium altitude satellites. 

However, relatively longer data spans must be processed to effectively 

extract the orbital information content. 

It is worth noting that regardless of the small number of 

effective observations obtained by processing data from these last two 

contributors, inclusion of their data in the proposed solutions will 

enhance the usefulness of the resulting EGM in serving the contributing 
systems (for instance, by improving the accuracy of NAVSTAR GPS orbits), 

and, generally, for all users through more correct harmonic coefficient 

va 1 ues. 

Finally, outside the realm of precise orbital analysis, 

which is the province of only a handful of specially instrumented 

satellites, there is an extensive collection of tracking data of lower 

accuracy [such as that collected by Naval Space Survei 1 lance (NAVSPASUR), 

the North American Air Defense Command, etc.] on literally thousands of 

satellites. If gravitational harmonic perturbations are sufficiently 

large, the harmonics responsible may still be estimable with this data. 

In practice, this requirement is met generally for zonal harmonics, and 

occasionally (in deep resonance conditions) for some tesseral harmonics. 

Orbital decay due to atmospheric drag causes the period of 

medium altitude sate1 1 ites to decrease unti 1 reentry (and disintegration) 

occurs. While the orbital frequency is very near m revolutions per day, 

the satellite is in deep resonance with the order,m harmonics. Generally, 

two (but occasionally as many as 10) effective observations of (linear 

combinations of) the harmonics are reducible from an analysis of each 

resonance passage. As before, it is desirable to collect data at 

different inclinations. 

A mixture of numerical methods and the general theory of 

orbital perturbations has been used by several investigators, notably 

King-Hele C5.81 - [5.13] and Wagner C5.141 - [5.19], to analyze the avail- 

able data. The work has been in progress for approximately 20 years. 



Full exploitation, requiring analysis of 10 to 20 satellites in resonance 

with each order, has been accomplished for orders 14 and 15, where there 

is a relatively greater abundance of data, and for the odd zonal 

harmonics. Some data is available from satellites in resonance with other 

orders also. The resulting effective observation equations for the values 

of the linear combinations of harmonics (called lumped coefficients) are 

available in the publications of these investigators. 

5.2.2 Doppler 

According to basic physics, the Doppler shift, a change in 

the apparent frequency of a moving frequency source, is proportional to 

the time derivative of the range (or distance) between source and 

receiver. Practical Doppler observations are obtained by integrating over 

short time intervals, effectively converting range rates to range 

differences. (Actual integration consists of counting full cycles of the 

slowly varying phase difference between the received satellite frequency 

and a nearby reference frequency available in the receiver.) Two coherent 

Doppler signals at different reference frequencies can be used to 

compensate unpredictable (but frequency-dependent) ionospheric propagation 

effects. Tropospheric effects must be compensated by modeling. 

Modern tracking equipment consists of a pair of 

rudimentary fixed antennas and the advanced electronics required to 

measure the time intervals and Doppler counts with' high precision. Both 

the tracking receiver and the satellite transmitter must have very stable 

frequency sources for geodetic quality measurements. It is also desirable 

for the satellites to be stabilized in their orbits and for the 

transmitting antennas to occupy fixed positions in the satellite 

local-vertical coordinate systems. 



Doppler tracking stations have been operated by the DoD 

and by cooperating scientific agencies worldwide since the early 1960's. 

In the historical period (see below), the Doppler network consisted of 13 

fixed and seven mobile receivers. More recently, the station network has 

included as many as 20 fixed and 20 mobile receivers operating simultane- 

ously. The mobile receivers, which have, over time, been located at 

hundreds of sites worldwide, were designed for surveying applications. 

For a high priority satellite, each station can collect four or more 

passes (depending on latitudes) of Doppler data each day, for a total that 

may exceed 200 passes per day. 

Significant improvements in the tracking network were made 
in 1971 when the collection of continuous count (instead of sampled) 

Doppler data was begun and, in 1975, when ultrastable rubidium oscillators 
were installed in the fixed receivers. The year 1971 roughly separates 

the historical and the modern period of tracking data. Modern tracking 

data is significantly more precise than historical data for geodetic 

applications. 

Databases of col lected Doppler tracking data are main- 

tained by NSWC and DMAHTC. Although data on approximately 50 satellites 

is available, the vast majority was collected on satellites at 90' 

inclination or on satellites unsuitable for EGM development. Useful data 

is available for satellites at five distinct inclinations in the modern 

period, and six in the historical period. 

Doppler data on seven satellites, including all five 

modern and two of the historical satellites, was included in the 

development of the WGS 84 EGM. The common names and inclinations of these 

satellites, as well as other orbital characteristics, are presented in 
Table 5.1. It is regrettable that only partial exploitation of the High 

Latitude (HILAT) Satellite [5.20] data for WGS 84 EGM development was 

possible due to time constraints. The original exploitation plan was 

followed for each of the other Doppler geodetic satellites. 



For each of the seven satellites of interest, two six-day 

data spans (Arcs A and B )  were selected for processing which satisfied, as 

much as possible, the need for dense Doppler tracking data, good balance 

between northern and southern data acquisition stations, significant 

variation in argument of perigee, and absence of intractable 

peculiarities. In some cases, the possibilities for selection were fairly 

limited due to short observation campaigns, tracking priority conflicts 

with other satellites, satellite equipment failures, the influence of bad 

weather or tracking performance, and other uncontrollable circumstances. 

Satellite data processing is rather arbitrarily divided 

into work called preprocessing, which can be performed without the aid of 

a good satellite orbit, and orbital analysis (or just processing). Most 

of this work, prior to the stage of development of the full normal 

equations, is performed using one of the many versions of the NSWC 

computer program CELEST [5.21], which is more correctly an aggregate of 

severa 1 (preprocessing and orbital analysis) programs accepting common 

data files and directed by similar user instructions. 

The work performed according to the following description 

is representative of the actual Doppler processing, although there were 

inevitably some slight processing variations between data spans, and some 

partial explanations are tolerated for the sake of brevity. A summary of 

model features is given below. A more detailed description of CELEST 

processing is available in C5.211. 

To begin the preprocessing for a data span, the 

observation times recorded by the tracking stations were first corrected 

to be consistent with one of the stable operational Navy Navigation 

Sate1 1 ite (NAVSAT) clocks using time differences normal ly avai lable every 

two minutes during NAVSAT passes. An additional correction was made, if 



r equ i r ed ,  t o  b r i n g  a l l  t imes c l ose  t o  Un i ve r sa l  Time Coord inated (UTC). 

Some judgment was used t o  determine e x a c t l y  when occas iona l  d i s c r e t i o n a r y  

s t a t i o n  c l o c k  r e s e t s  occurred.  I n  a  few cases where r e l i a b l e  t i m e  

c o r r e c t i o n  was imposs ib le ,  t i m e  b i a s  parameters were i n t r oduced  i n  

subsequent process ing.  A d d i t i o n a l  p reprocess ing  cons i s t ed  o f  d e l e t i o n  o f  

obv ious o f f e n d i n g  data,  assignment o f  nominal accurac ies  t o  observat ions,  

and r e f o r m a t t i n g  o f  da ta  f o r  CELEST o r b i t a l  a n a l y s i s  programs. 

Next, a  p r e l i m i n a r y  ( l i n e a r i z i n g )  o r b i t  was f i t t e d  t o  t h e  

Doppler da ta  f o r  t h e  span, a l l o w i n g  ad justment  o f  a  l i m i t e d  parameter s e t  

b u t  h o l d i n g  f i x e d  t h e  g r a v i t a t i o n a l  c o e f f i c i e n t s  and a l l  well-known 

obse rv i ng  s t a t i o n  coord ina tes .  The f i t  was i t e r a t e d  t o  convergence g i v i n g  

o r b i t s  g e n e r a l l y  w i t h i n  30 meters ( i n  one case 300 meters)  o f  t r u t h  as 

measured by  " n a v i g a t i o n "  r e s i d u a l s .  

D i g r e s s i n g  b r i e f l y ,  " n a v i g a t i o n "  i s  a  d i a g n o s t i c  s i n g l e -  

pass l e a s t  squares s o l u t i o n  f o r  b i a s  parameters and d isp lacements  i n  two 

we1 1-def i ned  components o f  t h e  s t a t i o n  p o s i t i o n  c a l l e d  "nav iga t i on "  

r e s i d u a l s .  The d i r e c t i o n s  c u s t o m a r i l y  chosen f o r  Doppler n a v i g a t i o n  a r e  

t h e  s l an t - r ange  ( f r o m  s t a t i o n  t o  s a t e l l i t e )  and a long  t r a c k  ( o r  p a r a l l e l  

t o  t h e  s a t e l l i t e  v e l o c i t y )  d i r e c t i o n s  d e f i n e d  a t  t h e  t ime  o f  c l o s e s t  

approach (between s t a t i o n  and s a t e l l i t e )  f o r  t h e  g i ven  pass. The 

" n a v i g a t i o n "  r e s i d u a l s  (which a re  a t  b e s t  t h e  sum o f  o r b i t ,  s t a t i o n ,  

t im ing ,  and random e r r o r s )  can be i n t e r p r e t e d  as o r b i t  e r r o r s  where t h e  

o t h e r  d e f i n i n g  sources a re  s u f f i c i e n t l y  smal l .  Almost by convent ion,  t h e  

root-mean-square (RMS) o f  a l ong - t r ack  "nav iga t i onJ t  r e s i d u a l s  f o r  an o r b i t  

f i t  i s  quoted as a  measure o f  o r b i t  accuracy. 

The o r b i t  f i t t i n g  procedure i n  t h e  CELEST Computer Program 

[5.21] i nco rpo ra tes  two i t e r a t i v e  stages o f  e d i t i n g ,  one o f  which a l s o  

he lps  i n  t h e  d e t e r m i n a t i o n  o f  accura te  da ta  weights .  I n  each c y c l e  o f  t h e  

f i r s t  procedure,  c a l l e d  p o i n t  f i l t e r i n g ,  Doppler da ta  w i t h  obse rva t i on  

r es i dua  1s (based upon a  p rev ious  " n a v i g a t i o n "  s o l u t i o n )  exceeding a  

cons tan t  m u l t i p l e  ( g e n e r a l l y  2.0 f o r  cont inuous and 2.5 f o r  sampled 

Dopp le r )  o f  t h e i r  es t imated  accurac ies  a re  f i r s t  r e j e c t e d ,  and t h e  s c a l a r  



of nominal accuracies is redefined to bring the RMS of weighted residuals 
close to unity. The process converges here if the data and observation 

accuracies from the previous cycle are obtained. If the cycle limit is 

not exceeded, the "navigation" solution is repeated with the current 

specifications, and the iteration continues. Convergence is almost always 

obtained within 20 cycles, and the small remainder of passes is discarded. 

Analyzing the residuals of observation after a 

"navigation" solution, rather than directly from the preliminary orbit, is 

preferred because of the opportunity for nearly complete elimination of 

orbit, station coordinate, and timing errors from the data. However, it 

should be noted that the procedure starts with a "navigation" solution 

based on Doppler data that passed an absolute tolerance test on the 

observation residuals from the preliminary orbit. Note also that 

elevation angle tolerances (general ly five degrees on individual data 

points and 10 degrees on closest approach conditions), uniformly appl ied 

to screen out likely bad data during the above procedure, will force 

editing to be performed on a restricted data set which may be too small 

for reliable work. The procedure is not foolproof and may occasionally 

require manual intervention if sufficient data is to be retained. 

After point filtering is completed for all passes in the 

data span, the second iterative procedure, called pass filtering, is 

performed. On each cycle of pass filtering, a new orbit is first defined 

using previously acceptable passes, and new "navigations" are computed. 

Linear functions (of the time of closest approach), representing 

adjustable orbit error reflected in the "navigations", are then determined 

in separate unweighted least-squares fits to the along-track and 

s lant-range "navigation" residuals for acceptable passes. Final ly, passes 

are rejected if the departure of either "navigation" residual from the 

predicted linear value exceeds a constant multiple (usually 2.5) of the 

computed RMS of all such departures for data passes previously judged 

acceptable. Although the process converges if the same passes are 

rejected here as before, the orbit is relatively insensitive to the final 



e d i t i n g  a f t e r  t h e  most o f f e n s i v e  passes a re  d e l e t e d  and t h e  program i s  

no rma l l y  i n s t r u c t e d  t o  t r e a t  exhaus t ion  o f  t h e  i t e r a t i o n  count  as 

convergence a lso.  

Re tu rn i ng  now t o  t h e  d i s c u s s i o n  o f  t h e  p rocess ing  

sequence, t h e  main accomplishments o f  t h e  p rocess ing  a t  t h i s  p o i n t  were 

t h e  e d i t e d  data, t h e  improved o r b i t ,  and t h e  cor responding "nav iga t i on "  

r e s i d u a l s .  These r e s i d u a l s ,  t oge the r  w i t h  o the rs  f r om  a  second 

supplementary p r e l i m i n a r y  f i t  (based upon a  d i f f e r e n t  g r a v i t a t i o n a l  

c o e f f i c i e n t  s e t  b u t  t h e  same e d i t e d  observa t ions  and we igh ts ) ,  were then  

used i n  t h e  f i n a l  manual e d i t i n g  o f  passes. Manual pass s e l e c t i o n  was 

performed t o  r eve rse  occas iona l  and unavoidable  e r r o r s  i n  t h e  automat ic  

pass r e j e c t i o n  procedure due t o  l a r g e  p r e l i m i n a r y  o r b i t  e r r o r s .  

A l though extreme care  was exe rc i sed  a t  each s tage o f  

e d i t i n g ,  a  sma l l  amount o f  erroneous da ta  undoubted ly  s l i p p e d  through. 

Th is  i s  due a t  l e a s t  i n  p a r t  t o  t h e  p u r s u i t  o f  two c o n f l i c t i n g  

o b j e c t i v e s :  s t r eng then ing  t h e  c o n t r i b u t i o n  o f  da ta  se t s  and removing 

u n r e l i a b l e  data.  

A f t e r  e d i t i n g ,  t h e  f o rma t i on  o f  normal equa t ions  f rom t h e  

rema in ing  da ta  was a  r e l a t i v e l y  s t r a i g h t f o r w a r d ,  a l though  compu ta t i ona l l y  

expensive,  task .  The main s teps i n  t h e  procedure f o r  t h e  s i x -day  da ta  

span were: 

- Recomputation o f  t h e  p r e l  i m i n a r y  ( 1  i n e a r i z i n g )  

o r b i t  f o r  t h e  g iven  a rc .  

- Format ion o f  t h e  pass normal equa t ions  f o r  non- 

g r a v i t a t i o n a l  parameters.  

- C a l c u l a t i o n  o f  t h e  v a r i a t i o n a l  d e r i v a t i v e s  f o r  

g r a v i t a t i o n a l  parameters. 



- Expansion and summation of the pass equations 
to form arc normal equations. 

The computer programs (together called TERRA) used in this work were 

consistent with the CELEST Computer Program and formu lation C5.211, 

although computations were necessarily reorganized to accommodate the 1850 

gravitational parameters desired in the final normal equations. 

Generally, the computational procedures and models used in 
equation formation were identical to those employed in the above fits and 

the precise two-day orbit computations performed routinely at DMA and 

NSWC. The exceptions, including 

- Reduction of the numerical integration time 
step from 60 to 15 seconds, 

- Increasing the number of adjustable drag 
multipliers to two per day, and, 

- General relativistic observation corrections 
for high eccentricity satellites, 

were intended to reduce orbit errors to values below one meter in the six- 

day data spans used here. 

The satellite equations of motion were numerically 

integrated using a 15-second time step with a Cowell predictor formula, 

neglecting the 11th difference of the force. The variational derivatives 

for dynamical parameters were also developed with this algorithm. In 
tests, the RMS errors in the six-day orbits due to these specifications 

were below 30 centimeters after adjustment of initial conditions. 

Similarly, the variational derivatives were found accurate to six digits 

before, and four digits after, adjustment. A partial restart was used at 

drag segmentation times (although not at the shadow boundary) to 

compensate for force discontinuities. 



The satellite dynamical model used included the direct 

solar, lunar, and terrestrial gravitational forces, simplified lunar and 

solar solid-earth tidal forces, direct solar radiation pressure, and 

atmospheric drag (with a rotational ly symmetric earth-f ixed atmosphere). 

The Doppler satellites were modeled as spheres in the calculation of body 

forces. The utilized computer program permitted the determination of 

multipliers for the tidal and radiation forces, and (up to 20) segmented 

multipliers for the drag force. Studies with hypothetical drag, tidal, 

and radiation force model improvements suggested that residual orbit 

errors of those models were less than half as large as the anticipated 

two-meter RMS post-fit accuracy objective for medium-altitude satellites. 

The observational model, based upon the above-described 

satellite dynamics and earth motions, was a vacuum model with propagation 

corrections. Modern Doppler data was treated as range difference 

observations. Historical sampled Doppler data was treated as range rate 

(frequency) observations in forming the partial derivatives, but with 

accurate range difference quotient observation values. Relativistic 

effects up to the v2/c2 terms (general theory) were included in Doppler 

computations for sate1 1 ites with the more eccentric (e>0.01) orbits. The 

nearly constant effect for low eccentricity satellites was absorbed by the 

pass frequency-bias parameters. Frequency drift was an adjustable pass 

bias parameter for a few passes collected by one troublesome station. 

Tropospheric refraction, simi lar to the Hopf ield bi-quartic model [5.221, 

was used with local (if available) or standard weather values, and scaled 

by an adjustable multiplier (initialized at unity with a 10 percent 

standard error). The station coordinate pass biases (initia 1 ized with 

two-meters a priori standard errors) were used to compensate for residual 

modeling errors. 

Accuracy of the partial derivatives was generally limited 

to five digits as a result of neglecting v/c relativistic terms. The 

exception to this rule is the partial derivatives for gravitational 

parameters which were effectively approximated by the pass matrix 



expansion method 15.211. The accuracy of this approximation has not been 

adequately defined. 

In the pass matrix expansion method, elements of the rows 

and columns of the pass normal equations corresponding to gravitational 

parameters are developed from the coefficients for the initial conditions 

exactly according to the assumption that the orbital effects of 

gravitational parameters can be expressed (separately for each pass) by a 

linear combination of the six initial condition perturbations. 

Equivalently, the approximation relies on there being no within-pass 

gravitational effects -- only effects that build slowly between passes. 

The linear relation is computed for a single point; the integration time 

step nearest to the time of closest approach for the pass. The underlying 

orbital approximation has been numerically tested and found accurate to a 

few decimeters for representative gravitational perturbations. Meanwhile, 

the payoff is an effective reduction to six or fewer observations per 

pass, improving computation costs generally by a factor of four to 40 

depending on the actual number of observations. 

Estimable geodetic parameters of the full Doppler normal 

equations for each arc consisted of coordinates of all contributing 

tracking sites and 1850 gravitational coefficients. The gravitational 

coefficient set consisted of all coefficients through degree and order 41 

and the coefficients of 43 resonant (third overtone) harmonics of orders 

37 through 45. Incidental parameters included satellite initial 

conditions, multipliers of the drag, radiation, and solid earth tidal 

forces, time correction parameters (if needed), and a small collection of 

study parameters. Bias parameters were mathematically eliminated as part 

of the normal equation formation procedure. 

Additional work with these arc normal equations was 

performed before their use in the WGS 84 trial EGM solutions. First, 

polar motion parameters for the six-day span and a set of systematic 

network error parameters of the Doppler observing station network were 

introduced into the equations using their equivalence to station 



coordinate adjustments. Then, Bayesian (a priori ) observations of arc 

parameters (genera 1 ly including force mu ltip 1 iers and pole parameters) 

were added to the normal equations. The a priori drag observations 

expressed the assumption that the drag coefficients were part of a steady 

state Markov process of indeterminate mean value. (The parameters of this 

process were determined experimentally for each satellite to control 

erratic behavior of the drag parameters in the solution.) Arc parameters, 

generally consisting of initial conditions, pole parameters, force 

multipliers, and timing parameters, were then mathematically eliminated. 

In the three equation sets based on 1978-era Doppler data, the earth's 

gravitational constant (GM) and/or the systematic network corrections, 

which were intended to be common parameters, had to be treated as arc 

parameters to relieve stress in combination solutions. (It is now 

believed that these free parameters absorbed residual ionospheric refrac- 

t ion effects. ) The 13 arc-el iminated Doppler normal equations (missing 

HILAT Arc B )  were then adjusted to a common reference parameter set, con- 

sisting of NWL 9D station coordinates and NWL 10E gravitational param- 

eters, and combined in various groupings for inclusion in the WGS 84 EGM 
solution process. 

The Doppler normal equations were tested individual ly (in 

tuning solutions) and in various (satellite only or general) combinations 

as part of an extensive validation effort. In this work, trial solutions 
of the equations were generally followed by orbital evaluation to quantify 

the degree of success obtained. The goal of the tuning experiments (two 

meters RMS "navigation" residuals) was met for the NAVSAT and GEOS-3 

Satellites, and approached by the other modern satellites. Additional 

critical analysis, based upon such general criteria as small size of 

gravitational parameter disturbances (useful only in general combination 

solutions), reasonable behavior of the dynamical multipliers, and small 

displacements of tracking stations (from their well-surveyed NWL 9D 

positions) obtained in diagnostic solutions of the supporting Doppler 

equations after adjustment for trial EGM solution improvements, validated 

the remaining equations. 



5.2.3 Laser - 
The laser measurement is a derived range obtained from the 

travel time to and from the satellite of a very brief pulse of 

monochromatic light. Propagation delays are introduced only by the 

troposphere and the corrections are relatively more simple to compute than 

those for Doppler data. Also, in contrast to the Doppler system, the 

laser system can improve accuracy by averaging several measurements 

obtained in a short time interval. Effective measurement accuracies 

approaching the five centimeters possible with modern systems can define 

two well-determined components of the satellite or tracking station 

positions during a pass to within a few millimeters. This accuracy level 

reaches far beyond requirements for gravitational potential modeling into 

the realm of precision relative surveying applications. 

The tracking equipment, consisting of a coaxial laser 

emitter and photoreceptor, together with the advanced electronics 

necessary for precise time interval measurement, must be accurately 

pointed toward the target satellite. The satellite must be equipped with 

corner-reflector arrays pointing toward earth. Since the satellite is 

passive, tracking is possible throughout its orbital lifetime. 

Laser tracking stations have been operated by NASA, the 

Smithsonian Astrophysical Observatory (SAO), and cooperating scientific 

agencies worldwide since the late 19601s, although the most accurate data 

is of recent origin. As many as 30 stations may have been operated 

simultaneously in observation campaigns. A database of collected data is 

maintained by NASA. Data is available on approximately 12 satellites, 

some of which were also tracked by Doppler ground-based satellite 

receivers. 

Two sate1 1 ites, Star lette r5 .231 and LAGEOS C5.241, 

extensively tracked using the most modern laser equipment, were selected 

for EGM development purposes. The laser data processing and normal 

equations development for these satellites was performed under DoD 



contract by Appl ied Research Laboratories/University of Texas (ARL/UT; 

Austin, Texas), in consultation with DMA and NSWC personnel. 

The Starlette Satellite, having orbital characteristics 

similar to the medium-altitude Doppler geodetic satellites, was expected 

to provide equally valuable information for EGM determination. The laser 

ranging data for Starlette is much more sparse than comparable Doppler 

tracking would have been. Tracking density in the period examined 

generally averaged only two passes per day. Fortunately, the MERIT Short 

Campaign [5.25], August 1980 through October 1980, during which the 

relatively superior average daily total of eight passes was collected by 

the 18 station laser tracking network, was included in the period 

examined. In order to obtain the desired number of laser tracking passes, 

the entire 93-day campaign was selected for exploitation. 

It should be noted that all but 125 of the approximately 

750 passes in this 93-day span were collected by the nine most active 

stations. This 1:5 performance ratio between weak and strong stations 

compares unfavorably with the 1:2 performance ratio typical of the Doppler 

system, and does little to aid the separability of the tesseral 

harmonics. Balancing this, however, is the improved separability 

resulting from observations uniformly spanning almost a complete 

revolution of perigee, and the greater improvement in strength of zonal 

harmonic coefficient determination attainable as a result of processing 

long data spans. 

The preprocessing of laser data, including station clock 

time correction to uniform atomic time, removal of some propagation 

effects, editing of offensive data, determination of observation 

accuracies, and aggregation to a reduced set of representative observa- 

t ions (30-second norma 1 points) was performed using methods perfected by 

ARL/UT during previous exercises, and are believed to be fully compatible 

with WGS 84 EGM development objectives. 



The entire 93-day campaign was treated as a single dynami- 

cal arc in order to extract the maximum strength for determination of 

gravitational coefficients. The converged linearizing orbit based upon 

the NASA-developed PGS-1331 EGM coefficient set [5.26] initial ly gave RMS 

laser range residuals of eight meters. This figure was reduced to 1.25 

meters (a value more or less compatible with the two-meters orbit accuracy 

objective selected for medium altitude geodetic satellites) by adjustment 

of resonant gravitational coefficients up to the third overtone (order 41) 

and coefficients of some empirical ly defined periodic "drag" forces neces- 

sary to compensate suspected errors in the tidal and earth motions models 

that become prominent only in such very long fitting spans. Frequencies 

of the empirical terms were carefully checked to avoid accidental conflict 

with gravitational effects. 

Accurate models were used in all phases of computations. 

The satellite equations of motion were developed by numerical integration 

using a 15-second time step and a predictor formula that neglected the 

11th difference of the force. The variational derivatives for dynamical 

parameters also were integrated with this algorithm. The very complete 

dynamical model used in the computations included the conventional 

gravitational and solid-earth tidal forces, a 60-term ocean tide force 

similar to the MERIT standard model, solar radiation pressure, Jacchia 

1971 drag model r5.271, and previously mentioned empirical forces. Earth 

motions included the use of the J2000.0 celestial reference r5.281, Wahr 

nutation [5.281 - [5.30], and geometric solid earth tides at the tracking 

sites. Evaluation of terrestrial gravitation involved the full 

transformation between the earth-fixed and celestial reference systems. 

The observational model included a tropospheric refraction correction 

based on local weather. The station coordinate pass bias parameters were 

available to compensate for residual model errors. 

After satisfactory conclusion of the preprocessing and 

orbital analysis, normal equations were formed from representative laser 

observations at elevations of 10 or more degrees above the local 

horizon. Use of a two meters station coordinate pass bias a priori 



standard error (as used in the Doppler medium-alt i tude sate1 1 ite equations 
development) permitted the convenient replacement of variable laser 

observation accuracies by the uniform one meter value, thus averting 

potential numerical degradation of the equations. 

Estimable geodetic parameters of the full laser normal 

equations included all 1850 gravitational coefficients chosen for the 

Doppler medium-altitude satellite equations together with a handful of 

additional resonant terms recommended by ARL/UT, and coordinates of a1 1 

tracking stations. Incidental parameters included satellite initial 

conditions, multipliers of the radiation, drag, and solid earth tidal 

forces, and coefficients of the empirical periodic forces. Bias 

parameters were mathematically eliminated as part of the equation 

formation procedure. 

Validation of the supporting data set and reduced normal 

equations (from initial orbit determination experiments) was first 

performed by ARL/UT prior to delivery of the full normal equations. At 

NSWC, tuning solutions attempted with these Starlette equations produced 

acceptable, but larger than expected, harmonic coefficient corrections. 

Orbital evaluation of these solutions, which could have further validated 

the equations, was not performed. One additional validation test, the 

annihilation of a suspected weak vector of parameter improvements 

(representing a shift of the common longitude reference for orbit, 

tracking stat ions, and gravitational potential ) by the normal equation 

matrix, was successful only to four digits. 

The great volume of available laser tracking for the 

LAGEOS Satellite r5.241 a1 lowed a two-year-long data span to be processed 

into normal equations. The data span analyzed, covering 1980 and 1981 

entirely, overlaps the MERIT Short Campaign r5.251 chosen for Starlette. 

The available LAGEOS observations represent over 4000 passes collected by 

32 laser tracking stations performing at an average total of seven passes 

per day. LAGEOS, a satellite orbiting at a higher altitude specifically 

chosen to minimize terrestrial gravitational effects, was expected to 



contribute mainly to the definition of the lower frequency gravitational 

harmonics in the WGS 84 EGM solution. 

Preprocessing of LAGEOS data was conducted using 

techniques similar to those used in Starlette data processing, except for 

aggregation to three-minute (normal point) representative ranges. 

Subsequent orbital processing was also quite similar. As before, the 

entire data span was treated as a single dynamical arc. Numerical 

integration of the orbit and the variational derivatives was performed 

using a 100-second timestep more appropriate for this higher altitude 

satellite. Initial orbit fitting using the NASA-derived GEM-L2 

coefficient set [5.31] was iterated to convergence, and yielded RMS laser 

range residuals of 75 centimeters, after the adjustment of empirical 

periodic drag parameters as required previously for Starlette. This 

figure is probably a little high to be consistent with the accuracy 

objective (of one meter RMS orbit error) set for this satellite. 

Normal equations were formed from representative LAGEOS 

data at elevation angles above 10 degrees, using a uniform observation 

accuracy of 50 centimeters, and admitting one meter uncertainty in the 

pass station coordinate biases representing residual model error. 

Geodetic parameters of the normal equations included station coordinates 

of all contributing tracking sites and a reduced set of 312 gravitational 

coefficients. This reduced set includes all harmonics that are able to 

produce even a one centimeter RMS orbital perturbation by such large 

changes as 10 times the coefficient value predicted by "Kaula's rule of 

thumb" r5.321. Incidental parameters were the same as previously 

described for Starlette equations. 

Validation of the supporting data set and the reduced 

equations used in orbit determination experiments was conducted by ARL/UT 

as part of the normal equation development process. Additional gravity 

tuning solutions performed at NSWC confirmed the suspicion that the 

strength of the LAGEOS equations was concentrated mainly in 35 low- 

frequency gravitational terms. Again, no orbital evaluations of solutions 



were performed, although laser station solutions based upon the tuned 

reference orbit were uniformly excellent. Equally disappointing results 

were obtained in the weak vector annihilation test for the LAGEOS normal 
equations as had been obtained in Starlette normal equation validation 

experiments. 

5.2.4 Surface Gravity 

The basic surface gravity data used in WGS 84 EGM 

development consisted of a 64,800-member worldwide set of lo x lo equi- 

angular mean free-air gravity anomalies. Since much of the earth's 

surface is either devoid of gravity measurements or has inadequate 

coverage, various types of data and mean gravity anomaly calculation 

techniques had to be used in forming this basic data set. 

In January 1984, approximately 11.7 million point gravity 

anomalies referenced to the International Gravity Standardization Net 1971 

C5.331 and the WGS 84 Ellipsoidal Gravity Formula (Chapter 4) were avail- 

able for use in forming the basic lo x lo mean gravity anomaly data set. 
However, due to the irregular geographical distribution of these point 

gravity anomalies, only 35 percent (22,917) of the 64,800 lo x lo mean 

gravity anomalies comprising the worldwide data set could be determined 

solely from observed gravity data. Due to the different data availability 

situations encountered, seven different mean gravity anomaly calculation 

methods were used to obtain these 22,197 lo x lo values 15.341 - C5.361. 

In oceanic areas, satellite radar altimeter data was used 

alone or in conjunction with observed gravity data to generate 24,400 

lo x lo mean free-air gravity anomalies. A total of 18,056 of these 

values was calculated using only the NAVOCEANO-developed SEASAT-1 

15' x 15' "regional field" of gridded geoid heights discussed in 

Section 5.2.5, below. The remaining 6,344 oceanic mean gravity anomalies 

were computed using least squares collocation and various combinations of 

SEASAT-1 and GEOS-3 altimeteric geoid heights and available surface 

gravity data. Thus, 37.7 percent of the worldwide set of 64,800 lo x lo 



mean gravity anomalies is based wholly or in part on geoid heights deduced 

from satellite radar altimeter data. 

From the preceding, it is apparent that 72.7 percent of 

the worldwide set of lo x lo mean free-air gravity anomalies available for 

use in WGS 84 EGM development was either developed solely from surface 

gravity data (35 percent) or from SEASAT-1 altimetric geoid heights used 

alone (27.9 percent) or in combination with GEOS-3 altimetric geoid 

heights and surface gravity data (9.8 percent). Therefore, a large 

percentage (72.2) of the surface gravity field used in WGS 84 EGM 

development is based on measured data. The remaining portion of the 1°x10 

mean gravity anomaly data set (27.3 percent) was developed using either 

gravitylgeophysical correlation techniques or a spherical harmonic 

expansion in which a preliminary WGS 84 EGM through n=m=41 was utilized. 

Gravitylgeophysical correlation techniques were used to 

develop 7270 lo x lo mean free-air gravity anomalies in land areas having 

only sparse or no gravity measurements. An explanation of the prediction 

method (NOGAP) used to obtain these lo x lo mean gravity anomalies is 

given in [5.37] along with other information on gravitylgeophysical 

correlation theory and techniques. 

After using all the observational data (gravity, altim- 

etry) available, and utilizing gravitylgeophysical correlation techniques, 

lo x lo mean gravity anomalies were still needed for 10,134 surface 

elements to complete the worldwide data set. Mean gravity anomalies were 

computed for these lo x lo surface elements using a spherical harmonic 

expansion based on a preliminary WGS 84 EGM complete through n=m=41. 

This worldwide field of lo x lo mean free-air gravity ano- 

malies, developed as discussed above, referenced to the WGS 84 Ellipsoidal 

Gravity Formula, and with lo x lo mean terrain corrections applied where 

available in the northern hemisphere (Figure 5.1), is the basic set of 

surface gravity used in WGS 84 EGM development. Section 5.3.2 treats its 

use in the weighted least squares solution that generated the WGS 84 EGM 



through n=m=41. Its use in generating WGS 84 EGM coefficients from n=42, 

m=O through n=m=180 is discussed in Section 5.5. 

5.2.5 Altimetric Geoid Heiahts 

The geoid height data used in WGS 84 EGM development was 

derived from a set of approximately 4.2 million along-track point geoid 

heights deduced from altimeter data obtained during the abbreviated 

mission of SEASAT-1. Although the SEASAT-1 radar altimeter did not 

continuously acquire data from its activation date (3 July 1978) until 

instrumentation ceased to function (10 October 1978) due to a power 

failure, approximately 1000 revolutions of data (equivalent roughly to 70 

data collection days, 14 satellite revolutions per day) were obtained 

whi le SEASAT-1 was operat iona 1 [5.381. 

The raw altimeter measurements were down-linked at 

appropriate times to one of three strategically located data acquisition 

stations, then collected by NASA/GSFC (Greenbelt, Maryland), and 

distributed to JPL (California Institute of Technology; Pasadena, 

California) and the Navy's Fleet Numerical Weather Center (Monterey, 

Cal ifornia) , now Fleet Numerical Oceanography Center (FNOC) . 

At FNOC, the analog-to-digital conversion was performed 

and the data placed in Sensor Data Record (SDR) form. Using NSWC 

software, FNOC then computed atmospheric and environmental corrections 

utilizing the best available correction models. The data was then 

prefiltered and condensed from its original density of 10 data points per 

second to two points per second. This data, referred to in this form as 

Intermediate Geophysical Data Records, was then sent to NSWC for further 

processing. Perhaps the most significant of the environmental corrections 

applied to the data by NSWC, in terms of magnitude, were tide corrections 

computed using the Schwiderski Ocean Tide Model [5.39]. Also at NSWC, 

SEASAT-1 Doppler tracking data was used to develop a "tuned" EGM for use 

in computing precise ephemerides for the SEASAT-1 Satellite. Using the 



precise ephemerides, corrected satellite-to-ocean surface altimetric range 

measurements, and computed satellite nadir points, point geoid heights 

were calculated and then smoothed using a Kalman filter. It was this 

along-track, two-points-per-second data that was recorded on the filtered 

Geophysical Data Record ('GDR) . Detai 1s of the NSWC SEASAT-1 Sate1 1 ite 

radar altimetry data processing system are available in r5.401. 

Magnetic tapes containing the GDRs were forwarded by NSWC to the 

Naval Oceanographic Off ice (NAVOCEANO; Bay St. Louis, Mississippi ) where 

further data processing occurred. Substantial editing was required due to 

difficulties associated with the use of the weather data when computing 

some of the environmental corrections. After editing the data, NAVOCEANO 

applied a spline correction procedure to the along-track geoid heights to 

minimize their differences at the ground-track intersections of ascending 

and descending orbital arcs. This procedure was used to reduce the 

residual orbit error, the largest component of the altimetric geoid height 

error budget C5.411. 

The edited and adjusted along-track data was then splined 

by NAVOCEANO to produce a "maximum response" 15' x 15' grid of altimetric 

geoid heights referenced to the WGS 72 Ellipsoid. However, visual 

inspection of a contoured representation of this 15' x 15' data set 

indicated that some residual orbit error still remained. To remove this 

error, NAVOCEANO returned to the edited and adjusted along-track geoid 

height data set and applied a 45' moving window averaging filter to the 

data. This operation produced a second 15' x 15' geoid height data set, 

referenced to the WGS 72 Ellipsoid, and referred to as the "regional 

field". The technique used by NAVOCEANO to correct the SEASAT-1 data for 

residual orbit errors is discussed in [5.42]. 

Magnetic tapes containing the NSWC-prepared SEASAT-1 GDRs, 

approximately 4.2 million along-track geoid heights, were also received by 

DMAAC. In addit ion, DMAAC obtained both "maximum response" and "regiona 1 

field" 15' x 15' gridded sets of SEASAT-1 geoid heights developed by 

NAVOCEANO. After analyzing the three data sets, DMAAC concluded that the 



NAVOCEANO-developed 15' x 15' "regional field" of gridded geoid heights 

best reflected the geoid height information contained in the SEASAT-1 

altimeter data. 

Since the NAVOCEANO-developed 15' x 15' "regional field" 

of gridded geoid heights was referenced to the WGS 72 Ellipsoid, the data 

was re-referenced to the WGS 84 Ellipsoid. From this SEASAT-1 data set, 

the geoid height at the center of each one degree cell was selected to 

form a 1" x 1" grid of geoid heights. This basic grid of SEASAT-1 derived 

WGS 84 Geoid Heights was then used as described in Section 5.3.3 to form a 

set of 3" x 3" approximately equal area mean geoid heights. The geoid 

height normal equation matrix used in WGS 84 EGM development was formed 

using this 3" x 3" gridded set of altimeter-derived mean geoid heights 

(Section 5.3.3). 

5.2.6 NAVSTAR Global Positioning System 

The NAVSTAR Global Positioning System (GPS) is an evolving 

DoD sate1 lite-based radio "navigation" system with significant geodetic 

potential, now in transition between its demonstration and operational 

phases. An outgrowth of Air Force and Navy research programs of the 

1960's that were consolidated in 1973, this system is scheduled to become 

operational in the late 1980's and will replace the Navy Navigation 

Satellite System in the 1990's. The new system will serve a wide user 

community, both military and civilian L5.431 L5.441. In preparation for 

this, DMA is deeply involved in present GPS activities through its opera- 

tion of tracking sites and its research in geodetic exploitation of GPS. 

The GPS satellites are much like orbiting atomic clocks 

E5.451 [5.461, broadcasting time signals which can be read and compared 

against terrestrial atomic clocks at the receiving stations. The time 

differences from such comparisons contain the geodetically useful travel 

time delay, which is (except for propagation effects) proportional to the 

station-to-satellite range, and, inevitably, the clock calibration 

errors. When scaled by the velocity of light, the time differences are 



called pseudo-ranges. Compensation for ionospheric propagation effects is 

achieved by transmitting two coherent L-band frequencies. Time difference 

information contained in modulating pseudo random noise (PRN) codes may be 

extracted by measuring the synchronizing time shift of the identical 

locally generated code tied to the receiving station clock. Since the 

carrier as well as the modulating code is controlled by the ultrastable 

atomic standard, excel lent Doppler (or range difference) data can also be 

collected. The actual GPS observation is generally an amalgamation of the 

just described range and range difference measurements, after some 

processing at the tracking site. 

Equipment at the tracking sites may vary, but generally 

consists of simple omnidirectional antennas and very sophisticated signal 

processing electronics operating under the control of a microcomputer. 

Some stations are able to track four satellites simultaneously. The col- 

lected data is generally smoothed and aggregated by microcomputer software 

to representative ranges at 15-minute intervals. 

The main objectives of the data exploitation plan were to 

be served by locating, in the NSWC data library, four continuous weeks of 

simultaneous tracking data on five of the Phase I 1  GPS satellites (at 63" 

inclination) characterized by the absence of irregularities in the atomic 

clock time histories, the avoidance of eclipses (a condition of entry of 

the GPS satellite into the earth's shadow, which introduces force modeling 

problems not yet solved), and participation of a large number of tracking 

receivers. In the span chosen, data was available as follows from eight 

sites: range data from four GPS monitor stations (Vandenberg AFB, 

California; Elmendorf AFB, Alaska; Wahiawa Naval Reservation, Oahu, 

Hawaii; and Andersen AFB, Guam) and integrated Doppler data from four DMA 

geodetic sites (Argentina, Australia, the Seychelles, and the United 

Kingdom). [Three of the above four GPS monitor stations have since been 

relocated. The five current (1987) GPS monitor stations are the Hawaii 

site (above), the Colorado Springs (Colorado) site, and three new sites 

located on the islands of Ascension, Diego Garcia, and Kwajalein.] 



All selected GPS satellilte data had previously been 

preprocessed as part of the operational precise ephemeris computation rou- 

tinely performed at NSWC. Additional preprocessing consisted of the 

application of clock frequency corrections, editing of outliers in 

accordance with operational criteria, and differencing of data initially 

collected as ranges to form uncorrelated range differences for input to 

the CELEST orbit computation program. Using the program and data, a new 

( 1  inearizing) four-week orbit was determined for each GPS sate1 1 ite based 

upon the operational earth gravitational model (WGS 72 EGM truncated to 

n=m=8) and station coordinates (also WGS 72 values, effectively). 

Finally, the data was organized into three sets by station (monitor sites, 

United Kingdom, and remaining DMA sites) for further processing. GPS time 

was used uniformly in all GPS data processing. 

The orbit determination, and subsequent normal equation 

processing (described below), was performed using a special ly modified 

CELEST Computer Program. In this program, the satellite orbits and varia- 

tional derivatives were developed conventionally using methods identical 

to those used when computing operational precise ephemerides, and very 

similar to Doppler medium altitude orbit computation methods described 

earlier. Model satellites were affected by terrestrial, lunar, and solar 

gravitation, and the tidal, radiation (including y-axis formulation), and 

thrust forces. The earth model also conformed closely to the referenced 

medium altitude processor model except for polar motion computations as 

performed operationally. The adopted observational model allowed for 

tropospheric refraction and station pass biases, clock frequency biases 

treated as arc parameters, station adjustments, and orbital dynamic para- 

meters including (in a significant departure from other CELEST processors) 

the gravitational coefficients. Editing of GPS data in the program was 

limited to exclusion of observations at elevations below 10 degrees, and 

data weights from the operational preprocessors were accepted without 

modification. No editing was performed on the resulting pass normal equa- 

tions prior to formation of the arc equations. 

Using the above described orbits and data, separate weekly 



normal equations for each satellite and station group were formed in the 

modified CELEST Computer Program. Gravitational parameters consisted of 

50 coefficients for harmonics up to and including the sixth degree terms. 

Other (largely insignificant) gravitational terms in the starting field 

and beyond, and the individual station coordinates, were held fixed. 

However, the normal equations did allow for adjustment of the earth's 

gravitational constant, and systematic Z-shift and scale corrections for 

the tracking station network. Other incidental parameters included for 

each satellite, clock frequency and aging parameters for each satellite 

and station, and, for each pass, a tropospheric refraction correction 

multiplier (initialized at unity with 10 percent uncertainty), and the 

three station biases representing residual orbit errors (initial ized at 

two meters uncertainty). The normal equations formed in this manner were 

combined outside the CELEST Computer Program to give three contributing 

sets of equations (one for each station group) in such a way that the 

clock frequency parameters were effective for only one week while all 

other parameters were applicable to the entire four-week span. 

Va 1 idation of the equations consisted of comparison of 

them and their solutions (for limited parameter sets) with alternate 

normal equations, formed using a modification of an interactive non-se- 

quential least squares GPS data processing system used at NSWC, and their 

solutions. Both equations and solutions from the GPS monitor sites passed 

the comparison tests. However, attempts to demonstrate the superiority of 

the solutions to the WGS 72 field were disappointingly inconclusive. The 

next experiment, combining the monitor and DMA three-station equations 

disturbed the trial solutions so much that the DMA three-station equations 

(although not the data itself, except in the case of the United Kingdom) 

became suspect. Consequently, the GPS normal equations for WGS 84 EGM 

development represent only GPS monitor station tracking data for the four- 

week span. 

5.2.7 Lumped Gravitational Coefficients 

As mentioned earlier, lumped coefficients are values of 

certain linear combinations of gravitational coefficients responsible for 



rather large orbital perturbations on particular satellites. In this 

Section, this same nomenclature is used to refer to the linear 

combinations of resonant tesseral harmonics, or of zonal harmonics, 

important in the analysis of medium or low altitude sate1 lite orbits, and 
to combinations of low degree tesseral harmonics significant in 

synchronous satellite longitude accelerations. 

According to investigators, principally King-Hele L5.81 - 
C5.131 and Wagner L5.141 - C5.191, analysis of fitted sate1 lite orbital 

element histories yields estimates of the lumped gravitational 

coefficients which may be used as data in the estimation of the harmonic 

coefficients themselves. In the analysis, the investigators first 

corrected the fitted elements for various model errors (including solar 

radiation, unestimated zonal coefficients, tidal gravitation, etc. ) of the 

fit procedure. They then computed terms of the extraction normal 

equations for up to five pairs of lumped coefficients using this data, and 

solved these equations for values of selected lumped coefficients. 

This analysis was applied using elements computed over 

short subspans of longer tracking spans (of up to seven years duration) 

during which a subject satellite passed through one or more deep resonant 

conditions. Under those conditions, the resonant harmonics produced orbit 

perturbations which were both large and slow enough to be detectable in 

the element histories. 

In the case of the tesseral resonance analysis of medium 

and low altitude satellites, the inclination and eccentricity histories 

are mainly studied. These elements define quite different (and 

complementary) lumped coefficients. Simi lar ly, the zonal analysis is 

based upon study of nodal or eccentricity perturbations for definition of 

the even or odd degree coefficients. The single longitude acceleration 

values available from analysis of each synchronous satellite always 

involve the same set of low degree coefficients. 



In the development of the extraction normal equations by 

the investigators, the orbital element histories were fitted using 

numerically integrated element rate variational equations for the lumped 

coefficients. The element histories, which may have initially been 

provided by a cooperating United States government agency (such as NASA or 

NAvSPASUR) , were often recomputed by the investigators. 

From an extensive literature survey conducted by NSWC, a 

total of 426 unique observation equations for lumped harmonics was 

obtained. The distribution of these equations by order observed is as 

follows: 

Order Equations 

35 equations (28 odd zonal and 7 even zonal equations) 

13 equations (synchronous sate1 1 ite) 

7 pairs of equations 

2 11 

7 11 

12 I t  

9 I1  

4 0 I1  

7 3 11 

1 I 1  

2 11 

1 I 1  

11 11 

13 I1  

10 11 

with one additional unusable pair of equations for harmonics of order 

45. Certain equations were deleted initially on the basis of information 

contained in the literature. Normal equations were then formed. 



I n  forming these normal equat ions, obse rva t i ona l  values 

and s tandard e r r o r s  were taken f rom t h e  l i t e r a t u r e  w h i l e  p a r t i a l  

d e r i v a t i v e s  f o r  harmonic c o e f f i c i e n t s  were recomputed us ing  t h e  bes t  

a v a i l a b l e  f o rmu la t i ons  d e f i n i n g  t h e  i n f l u e n c e  c o e f f i c i e n t s  o f  t he  l i n e a r  

combinat ions d iscussed by t h e  i n v e s t i g a t o r s .  I n  some cases, t h i s  produced 

a  sma l l  improvement over t h e  pub l i shed  i n f l u e n c e  c o e f f i c i e n t s .  Some model 

e r r o r  compensat i o n  was a l r eady  inc luded  i n  t h e  i n v e s t i g a t o r s '  r e d e f i n i t i o n  

o f  observa t ion  weights  d u r i n g  t h e i r  own s o l u t i o n  exerc ises .  No a d d i t i o n a l  

model e r r o r  compensation was performed. 

The parameters o f  t h e  normal equat ions developed f rom each 

obse rva t i on  g e n e r a l l y  cons i s ted  o f  a l l  r e l e v a n t  g r a v i t a t i o n a l  c o e f f i c i e n t s  

t o  degree 41. The excep t i on  i n  t h e  case o f  t h e  synchronous s a t e l l i t e  data 

o f  t r u n c a t i n g  above t h e  s i x t h  degree r e s u l t e d  i n  equat ions t h a t  were s t i l l  

e f f e c t i v e l y  complete because o f  t h e  e s p e c i a l l y  r a p i d  d i m i n u t i o n  o f  t h e  

l ong i t ude  p e r t u r b a t i o n s  w i t h  i nc reas ing  degree. 

V a l i d a t i o n  o f  t h e  r e s u l t i n g  normal equat ions proved t o  be 

a  task  o f  g r e a t e r  d i f f i c u l t y  than i n i t i a l l y  a n t i c i p a t e d .  The f i r s t  

exe rc i se  w i t h  t h e  odd zonal  equat ions, an at tempt  t o  r e p l i c a t e  one o f  t h e  

pub l i shed  s o l u t i o n s ,  ended i n  u n c e r t a i n t y  a f t e r  severa l  months o f  e f f o r t  

d u r i n g  which numerous d isc repanc ies  between t h e  pub l i shed  observa t ion  

weights  and what t h e  a u t h o r ' s  s o l u t i o n s  must have been based upon were 

discovered. Use of t h e  publ ished,  i ns tead  o f  t h e  recomputed, i n f l u e n c e  

c o e f f i c i e n t s  was t e s t e d  b u t  judged i n e f f e c t i v e ,  again because o f  l i k e l y  

d i f f e r e n c e s  between t h e  pub l i shed  and a c t u a l l y  used values, and p o s s i b l y  

because o f  word length d i f f e r e n c e s  i n  t h e  NSWC and o the r  i n v e s t i g a t o r ' s  

d i g i t a l  computat ions. 

I n t e r e s t  then  s h i f t e d  t o  examinat ion o f  observa t ion  

r e s i d u a l s .  Residuals  o f  t h e  lumped c o e f f i c i e n t s  ob ta ined  by NSWC cou ld  

n o t  always be s a t i s f a c t o r i l y  matched t o  pub l i shed  r e s i d u a l s  us ing  t h e  

pub l i shed  so lu t i ons ,  b u t  agreement was g e n e r a l l y  s a t i s f a c t o r y  when us ing  

an independent EGM such as GEM 10B L5.471. A l i b e r a l  s tandard was s t i l l  



needed to define agreement. This concluded the preliminary validation 

exercises. 

The next step consisted of test solutions in combination 

with other satellite and surface data equations. Generally, only a small 

coefficient set, complete to degree 30, was developed in these tests 

(which precluded effective evaluation of some of the higher order lumped 

coefficient observations). Nevertheless, because the residuals from these 

test solutions and from GEM 10B were from five to 15 times the standard 

error, an additional group of 20 observations was marked for deletion. (A 

much larger subset of observations, with normalized residuals between four 

and five, was retained.) 

Finally, the remaining equations were combined into two 

normal equations for further testing: one representing observations of 

the synchronous satellites and the zonal lumped coefficients, and another 

representing the higher order tesseral resonant observations. Test 

combination solutions were then performed, but, unfortunately, the EGM 

solutions developed with the higher order equations included degraded, 

rather than improved, the Doppler residuals for the HILAT Satellite. 

(Doppler data from the HILAT Satellite had been excluded from the test EGM 

solutions.) Therefore, as a matter of safety, and because of relatively 

lesser familiarity with it, the resonant tesseral equation set was dropped 

to resolve the apparent conflict, leaving only the low order equations to 

assist in the development of the final WGS 84 EGM. 

5.3 Determination of Gravitational Coefficients (rn.,,Yn.,) 

The WGS 84 EGM consists of 32755 coefficients, and is complete 

through degree (n) and order (m) 180. These coefficients were determined 

in two separate solutions, or processes, with a worldwide lo x lo mean 

free-air gravity anomaly data set being common to both solutions. First, 

normal equations were formed for the various types of data discussed in 

Section 5.2 and used in a weighted least squares solution to obtain 

gravitational coefficients through n=m=41, the first part or low degree 



portion of the WGS 84 EGM. The formation and use of these normal 

equations to obtain the first portion of the WGS 84 EGM, gravitational 

coefficients through n=m=41, are discussed in this Section. Evaluation of 

these gravitational coefficients (through n=m=41) is discussed in Section 

5.4. The determination of the second portion of the WGS 84 EGM, 

gravitational coefficients from n=42, m=O through n=m=180, is treated 

briefly in Section 5.5. 

5.3.1 Parameters of the Normal Equations 

The principal geodetic parameters of the normal equations, 

as mentioned before, are the spherical harmonic coefficients of the 

gravitational potential through degree and order 41 (numbering 1761). The 

decision to use spherical harmonic coefficients (in preference to an 

alternate parameterization) was motivated by historical precedent, the 

knowledge that the harmonics were the solution to the underlying potential 

problem, and the expectation of equivalent efficiency of representation 

and model evaluation in the wide variety of applications considered by the 

WGS 84 Development Committee. 

Additional parameters in the solution were potential 

biases introduced to absorb any difference between the gravity potential 

of the earth (or geoid) and the theoretical gravity potential of the 

WGS 84 Ellipsoid figuring in the gravity anomaly and altimetric geoid 

height data processing. Other parameters included the systematic error 

parameters of the Doppler Coordinate System (NSWC 92-2) previously 

discussed and other less significant parameters, such as the coordinates 

of satellite tracking stations, and various other bias and model error 

compensation parameters introduced in the data processing. 

5.3.2 Surface Gravity Normal Eauations 

The 1°x10 mean free-air gravity anomaly file (Section 

5.2.4) was merged into 4,584 3Ox3O approximately equal -area mean free-air 

gravity anomalies. These gravity anomalies were defined in terms of 3" 



latitude bands subdivided into whole degree longitude increments. The 

standard errors used for weighting, as well as the values for the mean 

gravity anomalies, were developed directly from the corresponding values 

and standard errors of the 1°x10 mean free-air gravity anomalies in the 

basic lo x lo file. The observation equations for forming the mean 

gravity anomaly normal matrix were of the form: 

- 1 "9 ds 
L\g = S (5-1) 

I ds 
S 

or, in terms of geocentric latitude (9') and longitude (A): 

where, for a surface element: 

2 ds = r cos $ '  d ~ '  dx 

p i  ,mi = geocentric latitude boundaries 

A ~ , A ~  = longitude boundaries 

- ng = mean gravity anomaly . 

The mean gravity anomaly matrix was formed from the 

observation equations and mean gravity anomaly data set as described 

above. The constants, such as the earth's gravitational constant (GM), 

semimajor axis of the ellipsoid (a), the ellipsoidal flattening (f), the 

earth's rotation rate ( w ) ,  and zonal harmonics, were either WGS 84 



d e f i n i n g  parameters  o r  d e r i v e d  from them. The w e i g h t i n g  scheme used f o r  

each o b s e r v a t i o n a l  e lement,  i, was 

where: 

Wi = Weight  o f  t h e  ith o b s e r v a t i o n  

o = S tandard  e r r o r  f o r  t h e  ith o b s e r v a t i o n  (deve loped i 
from t h e  l " x 1 °  s t a n d a r d  e r r o r s )  

u = Model e r r o r  used f o r  each " o b s e r v a t i o n " .  T h i s  m  
r e p r e s e n t s  t h e  l i m i t a t i o n  o f  a  t r u n c a t e d  model 

(n=m=41) t o  r e p r e s e n t  3Ox3O equa l -a rea  mean g r a v i t y  

anomal ies .  (The v a l u e  used f o r  am was 210 

m i l l i g a l s . )  

5.3.3 A l t i m e t r i c  Geoid H e i q h t  Normal Eaua t ions  

The 1°x10 g e o i d  h e i g h t  d a t a  f i l e  genera ted  from SEASAT-1 

o b s e r v a t i o n s  ( S e c t i o n  5.2.5) was merged i n t o  2,918 3"x3" a p p r o x i m a t e l y  

equa l -a rea  mean g e o i d  h e i g h t s .  As w i t h  t h e  mean g r a v i t y  anomaly d a t a  s e t ,  

t h e  g e o i d  h e i g h t  means were d e f i n e d  i n  te rms  o f  3" l a t i t u d e  bands 

s u b d i v i d e d  i n t o  who le  degree l o n g i t u d e  increments .  The a v a i l a b l e  d a t a  

covered non- land  areas between 60" sou th  and 69" n o r t h  l a t i t u d e s .  I n  

ocean / land  i n t e r f a c e  areas,  a t  l e a s t  t w o - t h i r d s  o f  a  3Ox3O s u r f a c e  e lement  

had t o  have a l t i m e t r y  coverage b e f o r e  t h a t  e lement  c o u l d  be s e l e c t e d  f o r  

t h e  3"x3" equa l  a r e a  mean g e o i d  h e i g h t  d a t a  f i l e .  Fo r  t h e s e  boundary  

e lements,  t h e  s t a n d a r d  e r r o r s  were s i g n i f i c a n t l y  l a r g e r  t h a n  f o r  s u r f a c e  

e lements  i n  t h e  open ocean. 



The observation equations for forming the mean geoid height normal 

equation matrix were of the form: 

or, in terms of geocentric latitude (+ ' )  and longitude (A) : 

where, for a surface element: 

mi, +; = geocentric latitude boundaries 

A1, h2  = longitude boundaries 

IT = mean geoid height . 

The mean geoid height normal equation matrix was formed from the 

observation equations and geoid height data set described above. As in 

the mean gravity anomaly normal equations, WGS 84 parameters were used in 



f o r m i n g  t h e  o b s e r v a t i o n  and normal  e q u a t i o n s .  The w e i g h t i n g  scheme used 

f o r  each o b s e r v a t i o n  element,  i, was 

where: 

Wi = Weight  o f  t h e  

a  = Standard  e r r o r  i 
f r o m  t h e  lo x  

th o b s e r v a t i o n  

f o r  t h e  ith o b s e r v a t i o n (  deve loped 

" s t a n d a r d  e r r o r s )  

a = Model e r r o r  used f o r  each " o b s e r v a t i o n " .  T h i s  m 
r e p r e s e n t s  t h e  l i m i t a t i o n  o f  a  t r u n c a t e d  model 

(n=m=4l) t o  r e p r e s e n t  3Ox3' equa 1-area mean g e o i d  

h e i g h t s .  (The v a l u e  used f o r  am was 2 1  meter . )  

5.3.4 R e s u l t s  

The WGS 84 EGM t h r o u g h  degree ( n )  and o r d e r  (m) 4 1  

r e p r e s e n t s  t h e  s o l u t i o n  o f  a  normal  e q u a t i o n  m a t r i x  formed by  combin ing 

norma 1  e q u a t i o n  m a t r i c e s  deve loped f r o m  3Ox3' equa l -a rea  mean f r e e - a i r  

g r a v i t y  anomaly " o b s e r v a t i o n s " ,  3Ox3" equa l -a rea  mean g e o i d  h e i g h t  

l l ~ b s e r v a t i ~ n s l '  i n  ocean areas cove red  b y  SEASAT-1 r a d a r  a l t i m e t r y ,  and 

numerous normal  e q u a t i o n  m a t r i c e s  fo rmed f r o m  Doppler  o r  l a s e r  s a t e l l i t e  

t r a c k i n g  data .  Normal e q u a t i o n  m a t r i c e s  were a l s o  i n c l u d e d  f o r  NAVSTAR 

GPS d a t a  and " lumped c o e f f i c i e n t s "  da ta ,  r e s p e c t i v e l y .  S ince  a  combined 

mean g r a v i t y  anomaly and mean g e o i d  he ight .  normal  e q u a t i o n  m a t r i x  can 

produce a  r e l a t i v e l y  good n=m=41 EGM n o t  o b t a i n a b l e  f r o m  o t h e r  data,  an 

EGM s o l u t i o n  based on t h i s  combined m a t r i x  became t h e  i n i t i a l  p r e l i m i n a r y  

WGS 84 EGM. The i n d i v i d u a l  s a t e l l i t e  normal  e q u a t i o n  m a t r i c e s  were t h e n  

added t o  t h i s  combined m a t r i x  one o r  two a t  a  t i m e  t o  o b t a i n  a l l  



subsequent preliminary WGS 84 EGMs. This orderly approach permits the 

identification of a potential problem arising from a particular data 

set. The solution coefficients for the gravity anomalylgeoid height 

combined matrix as well as the many intermediate solutions, up to and 

including the final WGS 84 EGM, were tested and evaluated. Since an 

attempt was made to account for the model error during the formation of 

the individual normal equation matrices, all of the normal equation 

matrices were added together using a scalar quantity of one. 

5.4 Evaluation of the WGS 84 EGM (Through n=m=41) 

5.4.1 General 

Currently, an absolute standard is not available for 

evaluating an earth gravitational model external to the earth's surface. 

Therefore, a fully satisfactory evaluation of the WGS 84 EGM cannot be 

made. However, a number of calculations and comparisons can be made that 

provide information on the model's overall quality and relative merits. 

These include, for example, use of the EGM: 

- To calculate gravity anomaly degree variances which are 
then compared with similar values from other known 

mode 1 s. 

- To calculate mean gravity anomalies and mean geoid 
heights for comparison with similar data. 

- To perform various satellite orbit analyses. 

This Section discusses such comparisons and analyses 

performed with the n=m=41 portion of the WGS 84 EGM. 

5.4.2 Degree Variances 

As a first step in model evaluation, gravity anomaly 



degree variances were computed for each intermediate model as it was 

developed. This is a relatively simple computation that serves as a 

problem indicator when larger than expected magnitudes occur for the 

normalized coefficients (rnym,Tnym). Such a problem may indicate a high 

correlation between gravitational model coefficients, inadequate 

information content in the data sets, or an error in forming an 

intermediate normal equation matrix. 

Gravity anomaly degree variances (cn) are computed by the 

equation C5.481: 

where 7 is the average value of theoretical (normal) gravity (Chapter 4). 
Degree variances of the gravitational potential ( 0:) are somet imes 

computed instead of gravity anomaly degree variances. The relevant 

equation is [5.32]: 

The following expression, with linkage to Equation (5-lo), and often 

referred to as "~aula's ~ule-of-~humb" [5-321, is sometimes used to 

provide an estimate of the magnitudes of the and 5 coefficients 
n,m n,m 

for a given degree, n: 

For purposes of comparison, gravity anomaly degree variances were computed 

for various models available in the literature. The OSU 81 EGM C5.31 and 

GEM 10C EGM r5.471, in particular, were used extensively in WGS 84 EGM 

comparison and evaluation studies. 

Gravity anomaly degree variances through n=m=41 are shown 

in Table 5.2 for the GEM 10C and OSU 81 EGMs, and the least squares por- 

tion of the WGS 84 Earth Gravitational Model, WGS 84 (n=m=41). In 



addition, solutions for the WGS 84 (n=m=41) normal equation matrix were 

made for a 36th degree and order model (WGS 84 n=m=36), for a 30th degree 

and order model (WGS 84 n=m=30), and for a 24th degree and order model 

(WGS 84 n=m=24). These lower degree and order EGM solutions were obtained 

in order to determine if the aliasing of higher degree and order 

gravitational effects into lower degree and order coefficients had 

occurred in the WGS 84 EGM (n=m=41). From the gravity anomaly degree 

variances (Table 5.2), it is apparent that the WGS 84 EGM (n=m=41) is not 

affected by aliasing since significant aliasing is not present in the 

lower degree and order experimental models. 

5.4.3 Mean Gravity Anomaly Comparisons 

One method of evaluating an earth gravitational model is 

to compute the RMS difference between mean gravity anomalies developed 

from spherical harmonics using an EGM (qh) and mean gravity anomalies 

developed from terrestrial data ( ~ g ~ )  15.491. The terrestrial mean 

gravity anomalies used for the comparison were developed from observed 

data only and categorized in terms of percentage observed. For example, 

in the case of 3Ox3" equal-area mean gravity anomalies, 100 percent ob- 

served indicates that a value exists for each 1°x10 equal-area mean grav- 

ity anomaly contained in the 3Ox3" equal-area mean gravity anomalies. In 

the case of 67 percent observed, at least six out of the nine 1°x10 equal- 

area mean gravity anomalies required to develop a 3Ox3O equal-area mean 

gravity anomaly were available. Similar logic was used for categorizing 

observed percentages for the 5Ox5" and 10°xlOO equal-area mean gravity 

anomaly comparisons. 

The WGS 84 EGM (n=m=41) coefficients were used in a 

spherical harmonic expansion to compute 3Ox3O, 5"x5", and 10°xlOO equal- 

area mean gravity anomalies. These computed mean gravity anomalies were 

then compared to their counterparts developed from observed terrestrial 

data. (Equal-area mean gravity anomalies developed from altimetry were 

considered as "observed" as well as those developed from surface gravity 

observations.) The RMS differences resulting from the comparisons, are 



shown in Tables 5.3, 5.4, and 5.5. Comparisons were also made using 

different truncation levels (n=m=41, n=m=36, n=m=30, n=m=24) in order to 

obtain an indication of the informational content of harmonic coefficients 

above various degree and order truncation levels. In all instances, 

except for the smoother longer wavelength 10°xlOO equal-area mean gravity 

anomalies, better agreement between the computed and "observed" mean 

gravity anomalies was obtained for the untruncated n=m=41 model. Better 

agreement was also obtained for the 100 percent observed data sets which 

was the intended result of the higher weights used for the better observed 

mean gravity anomalies. 

A series of experimental earth gravitational models were 

developed to assist in the analysis of the WGS 84 EGM. As mentioned 

earlier, solutions were made for n=m=36, n=m=30, and n=m=24 experimental 

models. The analysis shows that a truncation of the WGS 84 EGM is 

slightly superior to models developed as independent solutions of the 

WGS 84 normal equation matrix (Tables 5.3 - 5.5). It also indicates that 

the aliasing of higher degree and order wavelength information into lower 

degree and order coefficients is practically nonexistent for the WGS 84 

data set. 

An experimental EGM (n=m=41) was also developed and tested 

in which the geoid height data was eliminated from the WGS 84 normal equa- 

tion matrix. This model was developed to investigate the possibility of a 

conflict between the mean gravity anomaly and mean geoid height informa- 

tion and also because some of the basic mean gravity anomaly data (lOx10 

geographic area means) was developed from altimetry. This duplication 

could conceivably overweight the surface information in these areas. The 

tests showed better agreement between the WGS 84 EGM and the "observed" 

terrestrial mean gravity anomalies when the geoid information was included 

(Tables 5.3 - 5.5). This leads to the conclusion that the mean geoid 

height information complements the mean gravity anomaly data. However, 

the same result might have been obtained by increasing the relative 

scaling of the mean gravity anomaly matrix with respect to the combined 

sate1 1 ite normal equation matrix. (The relative scaling used in combining 

all of the normal equation matrices was unity.) 
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A WGS 84 mean g r a v i t y  anomalylmean g e o i d  h e i g h t  combina- 

t i o n  s o l u t i o n  was deve loped t o  i n v e s t i g a t e  t h e  e f f e c t  o f  t h e  s a t e l l i t e  

i n f o r m a t i o n  on t e r r e s t r i a l  d a t a  (mean g e o i d  h e i g h t s  and mean g r a v i t y  

anoma l ies )  compar isons.  As expected,  t h e  compar ison shows t h a t  t h i s  mean 

g r a v i t y  a n o m a l y h e a n  g e o i d  h e i g h t  model rep roduces  t h e  t e r r e s t r i a l  mean 

g r a v i t y  anomal ies  b e t t e r  t han  t h e  WGS 84 EGM, wh ich  i n c l u d e d  a l l  o f  t h e  

a d d i t i o n a l  s a t e l l i t e  i n f o r m a t i o n .  The improvement i s  on t h e  o r d e r  o f  0.5 

m i l l i g a l  o r  l e s s  ( T a b l e  5.3). T h i s  i s  a  s m a l l  p r i c e  t o  pay f o r  t h e  v e r y  

s i g n i f i c a n t  improvement f o r  o r b i t  r e d u c t i o n  a p p l i c a t i o n s  when t h e  

s a t e l l i t e  i n f o r m a t i o n  i s  i n c l u d e d  as i n  t h e  WGS 84 EGM development.  

5.4.4 Mean Geoid H e i g h t  Comparisons 

The p r i n c i p l e s  i n v o l v e d  i n  g r a v i t a t i o n a l  model e v a l u a t i o n  

by  compar ing mean g r a v i t y  anomal ies  can be ex tended t o  i n c l u d e  mean g e o i d  

h e i g h t  compar isons.  However, such a  compar ison i s  l i m i t e d  t o  ocean ic  mean 

g e o i d  h e i g h t s  de te rm ined  f r o m  s a t e l l i t e  r a d a r  a l t i m e t r y .  The b a s i c  g e o i d  

h e i g h t  d a t a  s e t  c o n s i s t s  o f  e q u i - a n g u l a r  1°x10 mean g e o i d  h e i g h t s  ( S e c t i o n  

5.2.5) wh ich  a r e  deve loped i n t o  3Ox3", 5"x5", and 10°xlOO equa l -a rea  mean 

g e o i d  h e i g h t s  i n  much t h e  same way as t h e  equa l -a rea  mean g r a v i t y  anoma- 

l i e s  were deve loped.  The 100-percent  observed d a t a  l i e s  e n t i r e l y  w i t h i n  

t h e  ocean and w i t h i n  t h e  l a t i t u d e  boundar ies  o f  SEASAT-1 coverage. Less- 

than -100-pe rcen t  observed i m p l i e s  ocean/ land i n t e r f a c e  areas i n  wh ich  a  

minimum o f  pe rcen tage  observed i s  ocean s u r f a c e .  The s m a l l e r  t h e  p e r c e n t -  

age observed,  t h e  l e s s  a c c u r a t e  t h e  equa l -a rea  mean g e o i d  h e i g h t s .  The 

EGMs e v a l u a t e d  a r e  i d e n t i c a l  t o  t h o s e  d e s c r i b e d  i n ,  t h e  p r e c e d i n g  mean 

g r a v i t y  anomaly compar isons.  Tab les  5.6, 5.7, and 5.8 l i s t  t h e  r e s u l t s  o f  

t h e s e  t e s t s .  R e s u l t s  f r o m  t h e  100-percent  observed c a t e g o r y  ( T a b l e  5.61, 

c o v e r i n g  s l i g h t l y  more t h a n  o n e - h a l f  o f  t h e  e a r t h ' s  s u r f a c e ,  i n d i c a t e  t h a t  

t h e  n=m=41 WGS 84 EGM rep roduces  "observed"  3Ox3" equa l -a rea  mean g e o i d  

h e i g h t s  a t  t h e  21.05 meter  l e v e l .  T h i s  i s  c o n s i s t e n t  w i t h  t h e  assumed 

a c c u r a c y  (one s igma) o f  t h e  o b s e r v a t i o n a l  da ta ,  i n c l u d i n g  t h e  model e r r o r  

p r e v i o u s l y  d i scussed .  Even b e t t e r  agreement i s  o b t a i n e d  f o r  t h e  5Ox5O and 

10°xlOO compar isons (Tab les  5.7 and 5.8, r e s p e c t i v e l y ) .  T h i s  i s  as ex- 

p e c t e d  s i n c e  t h e s e  equa l -a rea  means a r e  smoother t h a n  t h e  3Ox3" equa l -a rea  



means, and because t h e  n=m=41 model i s  t o  some e x t e n t  ove rde te rm ined  f o r  

t h e s e  l a r g e r  a rea  mean g e o i d  h e i g h t s .  As i n  t h e  case o f  t h e  mean g r a v i t y  

anomaly compar isons,  r e s u l t s  f r o m  a t r u n c a t i o n  t o  l ower  degree and o r d e r  o f  

t h e  WGS 84 EGM (n=m=41) a r e  a p p r o x i m a t e l y  e q u i v a l e n t  t o  t h o s e  o b t a i n e d  u s i n g  

a  c o r r e s p o n d i n g  " s o l v e d  f o r "  lower  degree and o r d e r  EGM (Tab les  5.2 - 5.8). 

(The l a t t e r  EGMs a r e  deno ted  b y  WGS 84* i n  t h e  t a b l e s . )  The RMS g e o i d  

h e i g h t  d i f f e r e n c e s  i n  t h e  100-percent  observed columns o f  Tab les  5.0 and 5.7 

show an 0.5 meter  i n c r e a s e  ( a p p r o x i m a t e l y )  f o r  mean g e o i d  h e i g h t s  genera ted  

u s i n g  t h e  n=m=41 EGM f r o m  t h e  l e a s t  squares s o l u t i o n  i n  wh ich  t h e  mean g e o i d  

h e i g h t  normal  e q u a t i o n  m a t r i x  was exc luded  as opposed t o  mean g e o i d  h e i g h t s  

genera ted  u s i n g  t h e  o f f i c i a l  WGS 84 n=m=41 EGM ( f i r s t  row of each t a b l e ) .  

( I n  Tab le  5.6, 1.59 exceeds 1.05 b y  0.54, and i n  Tab le  5.7, 1.38 exceeds 

0.89 b y  0.49.) A s m a l l e r  i n c r e a s e  o c c u r r e d  f o r  analogous compar isons i n v o l -  

v i n g  10°x lOO equa l  a r e a  mean g e o i d  h e i g h t s .  ( I n  t h e  100-percent  observed 

column o f  Tab le  5.8, 1.16 exceeds 0.84 b y  0.32.) The RMS g e o i d  h e i g h t  

d i f f e r e n c e s  i n  t h e  100-percent  observed columns o f  Tab les  5.6 - 5.8 show 

o n l y  a  10 c e n t i m e t e r  improvement ( a p p r o x i m a t e l y )  f o r  mean g e o i d  h e i g h t s  

genera ted  u s i n g  t h e  n=m=41 EGM f r o m  t h e  l e a s t  squares  s o l u t i o n  i n  wh ich  o n l y  

t h e  mean g r a v i t y  anomaly and mean g e o i d  h e i g h t  normal  e q u a t i o n  m a t r i c e s  were 

used as opposed t o  mean g e o i d  h e i g h t s  genera ted  u s i n g  t h e  o f f i c i a l  WGS 84 

n=m=41 EGM. ( I n  Tab le  5.6, 0.96 i s  0.09 l e s s  t h a n  1.05 and i n  Tab le  5.7, 

0.80 i s  0.09 l e s s  t h a n  0.89. I n  Tab le  5.8, 0.74 i s  0.10 l e s s  t h a n  0.84.) 

T h i s  i n d i c a t e s  an e x c e l l e n t  ba lance  between t h e  s u r f a c e  and s a t e l l i t e  d a t a  

used t o  f o r m  t h e  WGS 84 EGM normal  e q u a t i o n  m a t r i x .  

5.4.5 C o e f f i c i e n t  E r r o r s  

The p r e c e d i n g  mean g r a v i t y  anomaly and mean g e o i d  h e i g h t  

compar isons,  p l u s  t h e  s a t e l l i t e  o r b i t a l  

r5.501, t e n d  t o  be EGM v a l i d a t i o n  t e s t s  

t e s t s .  T h i s  i s  because t h e s e  compar isons 

t h e  a a t a  b e i n g  used t o  v a l i d a t e  t h e  EGM i s  

t h e  i n f o r m a t i o n  used i n  i t s  development.  

a n a l y s i s  r e s u l t s  c o n t a i n e d  i n  

r a t h e r  t h a n  c o e f f i c i e n t  accu racy  

a r e  n o t  independent  t e s t s ,  s i n c e  

f o r  t h e  most p a r t  v e r y  s i m i l a r  t o  

Such t e s t s ,  however, do show t h a t  

t h e  d a t a  s e t s  were i n t e g r a t e d  c o r r e c t l y  i n t o  t h e  EGM development process i n  

a  r e l a t i v e  sense, because t h e  f i n i s h e d  model i s  shown t o  be e q u a l l y  good f o r  

o r b i t  r e d u c t i o n  a p p l i c a t i o n s  and mean g r a v i t y  anomaly o r  g e o i d  h e i g h t  



computations. It is thus an excellent general purpose EGM that performs as 

well as special purpose models. That is, the WGS 84 EGM, based on a combi- 

nation of surface and satellite data, performs as well in orbit reduction 

applications as a "tuned" EGM based solely on satellite data. 

The question of EGM accuracy is distinctly different from 

that of validation in that accuracy implies how well the EGM represents the 

"true" gravitational field of the earth. However, the total error, as 

represented by the difference between the unknown "true" field and that 

represented by a set of gravitational coefficients to a given degree and 

order, must be broken down into two parts - the error of commission and 

the error of omission. The accuracy discussion here is limited to the error 

of commission or the error resulting from gravitational model coefficient 

errors up through n=m=41. (Again, this represents the degree and order of 

the least squares portion of the WGS 84 EGM.) 

The approach often taken to define gravitational model coef- 

ficient accuracy for a model developed using least squares techniques is to 

use the standard errors, developed from the inverse normal matrix. This is 

a satisfactory approach if the standard errors (of the observations) used 

for weighting the various observations are correct, and if the model error 

assumed for each data set (as previously discussed) is correct. Sensitivity 

of the "observed" quantities - mean gravity anomalies, mean geoid heights, 

and satellite orbital perturbations - to the gravitational model coeffi- 

cients or any other factor that affects the magnitude of the elements of the 

normal matrix, and in turn the magnitude of the elements of the inverse nor- 

mal matrix, can lead to standard errors for the coefficients that are either 

too large or too small to represent the true error of commission. The 

determination of a scaling factor, if required, is a complex task. Other 

complications also arise when (if) the off-diagonal elements of the 

correlation matrix are too large. 

Computations were made to determine the sensitivity of indi- 

vidual EGM coefficients to the 10 satellites providing data for the WGS 84 

EGM solution. The coefficient sensitivity was expressed in terms of satel- 

lite orbital perturbations. (Lumped gravitational coefficient data did not 

5- 46 



figure in the computational analysis.) Table 5.9 shows for each WGS 84 EGM 

coefficient through n=m=41 the number of satellites (from 1 to 10) for which 

the coefficients produce orbital perturbations equal to or greater than 0.5 

meter. Due to lack of sensitivity, those coefficients, for which an entry 

is lacking in Table 5.9, were determined primarily from the mean gravity 

anomaly and/or mean geoid height data used in the solution rather than from 

satellite data. This table also indicates the strength of the satellite in- 
formation for determining the lower degree and order coefficients and the 

first and second order resonant coefficients. One might also expect that a 

relatively high correlation would exist between the satellite sensitive 

coefficients, due to the similarity of the period of the orbital perturba- 

tions of a satellite orbit for a given order coefficient. This "lumped" 

effect can be reduced and the correlation minimized by including data from a 

large variety of satellites with different orbital characteristics. The 

correlation matrix for the WGS 84 EGM coefficients (through n=m=41) is 

summarized in Table 5.10. Correlation coefficients smaller than 0.5 are not 

included in the table. 

Table 5.10 reflects the influence of the satellite data in 

that the coefficients with the highest correlation coefficients are also the 

ones highly sensitive to orbital perturbations. This high correlation may 

compl icate the problem of determining "true" EGM coefficient error, but does 

not necessarily present a problem in terms of some applications - particu- 
larly orbit determination - because the total or "lumped" effect is of pri- 
mary importance rather than the individual effect of a particular gravita- 

tional coefficient. For this reason, the formal coefficient errors (lo) 

developed from the inverse normal equation matrix would still be adequate 

for orbit analysis regarding the expected error due to uncertainties in the 

WGS 84 EGM. 

The WGS 84 EGM coefficient errors are discussed in r5.501 

for coefficients through n=m=41. Error values are not available for 

coefficients above n=m=41. 

5.5 Inde~endent S~herical Harmonic EGM Determination (n=m=180) 

A spherical harmonic expansion of the earth's gravitational field 
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through n=m=41, although suitable for satellite orbit calculation and pre- 

diction purposes, is incapable of modeling the detailed gravitational field 

variations important in earth and near-earth gravimetric applications. To 

account for these variations in support of such applications, small-size 

(<5'x5' ) mean gravity anomal ies are used with surface integral formulation 

or along with similar size mean geoid heights to generate point mass sets 

which are subsequently used in relatively simple calculation formulas. For 

app 1 icat ions requiring high accuracy, such approaches (and data sets) are 

more appropriate than a spherical harmonic expansion (with attendant EGM 

coefficients) for accounting for the effect of detailed variations in the 

earth's gravitations 1 field. Unfortunately, the coverage and accuracy of 

smal 1-size ( ~ 5 ~ x 5 '  ) mean gravity anomalies is 1 imited. However, gravity 

coverage and gravity station density continues to improve, and has improved 

considerably in oceanic areas since January 1984 due to the continuation of 

ocean gravity surveys by NAVOCEANO and the availability of GEOSAT Satellite 

radar altimeter data. As a result, and until quality spherical harmonic 

expansions (EGMs) greater than n=m=180 are in use, development of an EGM to 

n=m=180, and its use for earth and near-earth gravimetric applications over 

much of the earth has considerable practical value. 

The WGS 84 EGM from n=m=41 through n=m=180 was developed from a 

spherical harmonic analysis of a worldwide 1°x10 residual mean free-air 

gravity anomaly field. This worldwide residual field was formed by sub- 

tracting from the individual 1°x10 mean free-air gravity anomalies com- 

prising the data set discussed in Section 5.2.4 the contribution of the 

WGS 84 EGM coefficients through n=m=41 previously determined from various 

types of data utilizing a weighted least squares solution (Section 5.3). In 

performing the spherical harmonic analysis for the high degree and order 

WGS 84 EGM coefficients, the 1°x10 residual mean free-air gravity anomalies 

were assumed to have equal accuracy; i.e., no weighting was applied to the 

data used in the solution. 

The high degree and order WGS 84 EGM coefficients (n=42, m=O 

through n=m=180) resulting from the spherical harmonic analysis of the 

worldwide 1°x10 residual field were combined with the low degree and order 

portion (n=2, m=O through n=m=41) of the WGS 84 EGM obtained from the 



weighted least squares solution to form the WGS 84 EGM (n=m=180). 

Additional information on the n=m=180 WGS 84 EGM and its availability is 

provided in Section 5.6. 

5.6 Summar~/Availabilit~ of WGS 84 EGM Coefficients 

The official WGS 84 EGM is complete through n=m=180, consisting of 

32755 gravitational coefficients. While such a model is needed for certain 

applications on the earth's surface and in near-earth space, it is not 

required and is impractical to apply for many applications. However, the 

WGS 84 EGM through n=m=180 is to be used when calculating WGS 84 Geoid 

Heights, gravity disturbance components (or deflection of the vertical 

components), or 1°x10 mean gravity anomalies via a spherical harmonic 

expansion. Expansions to this degree and order (n=m=180), and higher, are 

needed to accurately model variations in the earth's gravitational field on 

or near the earth's surface. 

The WGS 84 EGM through n=m=41 is more appropriate for satellite 

orbit calculation and prediction purposes. The use of higher degree and 

order models for such applications is not recommended at this time. How- 

ever, for each satellite orbit class, DMA and other DoD users will need to 

conduct orbital analyses to ascertain the EGM truncation level that is 

"best" for the sate1 1 ite involved, document results, coordinate 

recommendat ions (as necessary), and then use this particular truncated EGM 

for the satellite being analyzed. 

As stated previously, the WGS 84 EGM coefficients through n=m=41 

were obtained from a weighted least squares solution of a normal equation 

matrix developed by combining individual normal equation matrices formed 

from Doppler satellite tracking data, satellite laser ranging data, surface 

gravity data, oceanic geoid heights deduced from satellite radar altimeter 

data, NAVSTAR GPS data, and lumped coefficients. The effect (contribution) 

of these coefficients was removed from the worldwide 1°xl mean free-a ir 

gravity anomaly f 

worldwide residual 

EGM coefficients 

ield that contributed to their determination, leaving a 

1°x10 mean free-air gravity anomaly field. The WGS 84 

from n=42, m=O through n=m=180 were then determined 



i n d e p e n d e n t l y  v i a  harmonic a n a l y s i s  u s i n g  t h e  r e s i d u a l  f i e l d .  The 

c o e f f i c i e n t s  t h r o u g h  n=m=41 f r o m  t h e  we igh ted  l e a s t  squares s o l u t i o n  and t h e  

c o e f f i c i e n t s  above n=m=41 from t h e  independent  harmonic a n a l y s i s  compr ise  

t h e  n=m=180 WGS 84 EGM. 

The WGS 84 EGM t h r o u g h  n=m=180 i s  a v a i l a b l e  on magnet ic  t a p e  i n  

n o r m a l i z e d  form. The WGS 84 EGM t h r o u g h  n=m=41 i s  a v a i l a b l e  on a  s e p a r a t e  

magne t i c  t a p e  i n  b o t h  n o r m a l i z e d  and c o n v e n t i o n a l  form. The WGS 84 EGM 

c o e f f i c i e n t s  t h r o u g h  n=m=18 a r e  a v a i l a b l e  i n  C5.511 and C5.521 i n  n o r m a l i z e d  

form. Requesters  w i t h  a  need f o r  a  p o r t i o n  o f  t h e  WGS 84 EGM above n=m=18 

s h o u l d  f o r w a r d  t h e i r  r e q u i r e m e n t s  t o  t h e  address  p r o v i d e d  i n  t h e  PREFACE. 

As s t a t e d  p r e v i o u s l y ,  e r r o r  va lues  a r e  n o t  a v a i l a b l e  f o r  a l l  o f  t h e  

WGS 84 EGM c o e f f i c i e n t s .  However, an e r r o r  c o v a r i a n c e  m a t r i x  i s  a v a i l a b l e  

f o r  t h o s e  c o e f f i c i e n t s  t h r o u g h  n=m=41 de te rm ined  f r o m  t h e  we igh ted  l e a s t  

squares  s o l u t i o n .  Requesters  h a v i n g  a  need f o r  t h i s  e r r o r  d a t a  s h o u l d  

fo rward  t h e i r  cor respondence t o  t h e  address  p r o v i d e d  i n  t h e  PREFACE. 

G r a v i t y  anomaly degree v a r i a n c e s  a r e  a v a i l a b l e  i n  E5.511 and C5.521 f o r  t h e  

WGS 84 EGM (n=m=l8O). 

SECURITY CLASSIFICATION: The WGS 84 EGM (n=m=180) i s  c l a s s i f i e d  

CONFIDENTIAL, w i t h  t h e  e x c e p t i o n  t h a t  t h e  p o r t i o n  o f  t h e  model t h r o u g h  

n=m=18 i s  UNCLASSIFIED. However, t h e  UNCLASSIFIED p o r t i o n  o f  t h e  EGM s h o u l d  

be c o n s i d e r e d  f o r  use o n l y  i n  two i n s t a n c e s :  

- When a  s i t u a t i o n  o r  a p p l i c a t i o n  r e q u i r e s  t h e  use o f  an UNCLASSIFIED 

EGM, t h e r e b y  p r e c l u d i n g  use o f  t h e  CLASSIFIED WGS 84 EGM. 

- When s a t e l l i t e  o r b i t a l  ana lyses  r e v e a l  t h a t  t h e  WGS 84 EGM t r u n c a t e d  

a t  n=m=18 ( o r  l o w e r )  p r o v i d e s  r e s u l t s  o f  a c c e p t a b l e  accuracy .  

E r r o r  v a l u e s  f o r  t h e  WGS 84 EGM c o e f f i c i e n t s  above n=m=18 a r e  c l a s s i f i e d  

CONFIDENTIAL. 
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Table 5.1 

Satellites Providing Doppler Data 
For WGS 84 EGN Development 

* Historical Doppler Satellites 



Table 5.2 

-- 

Degree 

Gravity Anomaly Degree Variances (cn ) 

(Units = ~illi~als') 

OSU 81 

Earth Gravitational Models 

GEM 10C WGS 84 
(n=m=41) 

WGS 84* 
(n=m=36) 

WGS 84" 
(n=m=30) 

WGS 84* 
(n=m=24) 

* Experimental WGS 84 EGMs; do not use for official DoD applications 

5 - 6 0  



Tab le  5.3 

Comparison o f  3Ox3" Equa 1-Area Mean G r a v i t y  
Anomal ies Computed From E a r t h  G r a v i t a t i o n a l  Models 

W i t h  Those D e r i v e d  From T e r r e s t r i a l  Data 
( U n i t s  = M i l l i g a l s )  

E a r t h  T r u n c a t i o n  
G r a v i t a t i o n a l  

Mode 1 I (Degree)  I n  = 4007 

WGS 84* 

WGS 84 

WGS 84 Less 
Geoid H e i g h t  
M a t r i x  Data 

WGS 84 G r a v i t y  
Anomaly and 
Geoid H e i g h t  
M a t r i c e s  On ly  

4  1 
3  6  
3  0  

RMS D i f f e r e n c e s  
67% Obs 

+ 9.31 
9.78 

10.44 

WGS 84 Exper imen ta l  E a r t h  G r a v i t a t i o n a l  Models 

100% Obs 
n  = 3190 

n  i s  t h e  number o f  squares  i n c l u d e d  i n  t h e  sample o u t  o f  a  p o s s i b l e  4584 
v a l u e s  ( w o r l d w i d e  cove rage) .  

* Leas t  squares  s o l u t i o n  made t o  t h e  degree and o r d e r  i n d i c a t e d  u s i n g  t h e  
WGS 84 d a t a  s e t  (no rma l  e q u a t i o n  m a t r i x ) .  



Table 5.4 

Comparison of 5Ox5" Equa 1-Area Mean Gravity 
Anomalies Computed From Earth Gravitational Models 

With Those Derived From Terrestrial Data 
(Units = Milligals) 

WGS 84 Experimental Earth Gravitational Models 

Earth 
Gravitational 

Mode 1 

WGS 84 

WGS 84* 

WGS 84 Less 
Geoid Height 
Matrix Data 

Truncation 
Level 
(Degree ) 

4 1 
3 6 
3 0 
24 

WGS 84 Gravity 
Anomaly and 
Geoid Height 
Matrices Only 

n is the number of squares included in the sample out of a possible 1654 
values (worldwide coverage). 

RMS Differences 

* Least squares solutions made to the degree and order indicated using the 
WGS 84 data set (normal equation matrix). 

5-62 

100% Obs 
n = 1036 

+ 3.66 
4.14 
4.63 
5.20 

40% Obs 
n = 1421 

k 5.72 
6.11 
6.67 
7.27 

80% Obs 
n = 1238 

+ 4.23 
4.66 
5.24 
5.89 



Table 5.5 

Comparison of 10°xlOO Equal-Area Mean Gravity 
Anomalies Computed From Earth Gravitational Models 

With Those Derived From Terrestrial Data 
(Units = Milligals) 

I WGS 84 Experimental Earth Gravitational Models I 

Earth 
Gravitational 

Mode 1 

WGS 84 

n is the number of squares included in the sample out of a possible 416 
values (worldwide coverage). 

* Least squares solutions made to the degree and order indicated using the 
WGS 84 data set (normal equation matrix). 

Truncation 
Leve 1 
(Degree 

4 1 
3 6 
3 0 
2 4 

RMS Differences 
40% Obs 
n = 364 

* 2.94 
2.93 
3.06 
3.29 

80% Obs 
n = 299 

+. 1.95 
1.95 
2.02 
2.11 

100% Obs 
n = 208 

k 1.52 
1.51 
1.60 
1.79 



Table 5.6 

Comparison of 3Ox3" Equa 1-Area Mean Geoid Heights 
Computed From Earth Gravitational Models With Those 

Derived From SEASAT-1 Geoid Height Data 
(Units = Meters) 

Earth 
Gravitational 

Mode 1 

WGS 84 

WGS 84* 

WGS 84 Less 
Geoid Height 
Matrix Data 

WGS 84 Gravity 
Anomaly and 
Geoid Height 
Matrices Only 

Truncation 
Leve 1 
(Degree) 

33% Obs 
n = 3101 

RMS Differences 
67% Obs 

WGS 84 Experimental Earth Gravitational Models 

100% Obs 
n = 2672 

n is the number of squares included in the sample out of a possible 4584 
values (worldwide coverage). 

* Least squares solutions made to the degree and order indicated using the 
WGS 84 data set (normal equation matrix). 



Table 5.7 

Comparison of 5Ox5" Equal-Area Mean Geoid Heights 
Computed From Earth Gravitational Models With Those 

Derived From SEASAT-1 Geoid Height Data 
(Units = Meters) 

Earth 
Gravitational 

Mode 1 

WGS 84 

WGS 84* 

WGS 84 Less 
Geoid Height 
Matrix Data 

WGS 84 Gravity 
Anomaly and 
Geoid Height 
Matrices Only 

Truncation 
Level 
(Degree ) 

RMS Differences 
40% Obs I 80% Obs I 100% Obs 

WGS 84 Experimental Earth Gravitational Models 

n is the number of squares included in the sample out of a possible 1654 
values (worldwide coverage). 

----- 

* Least squares solutions made to the degree and order indicated using the 
WGS 84 data set (normal equation matrix). 



Table 5.8 

Comparison of 10°xlOO Equal-Area Mean Geoid Heights 
Computed From Earth Gravitational Models With Those 

Derived From SEASAT-1 Geoid Height Data 
(Units = Meters) 

Earth 
Gravitational 

Mode 1 

WGS 84 

WGS 84* 

WGS 84 Less 
Geoid Height 
Matrix Data 

WGS 84 Gravity 
Anomaly and 
Geoid Height 
Matrices Only 

Truncation 
Level 
(Degree) 

40% Obs 
n = 1421 

RMS Differences 
80% Obs 

WGS 84 Experimental Earth Gravitational Models 

100% Obs 
n = 1036 

n is the number of squares included in the sample out of a possible 416 values 
(worldwide coverage). 

* Least squares solution made to the degree and order indicated using the 
WGS 84 data set (normal equation matrix). 

5-66 



Table 5.9 

Number of Satellites Used in EGM Development That are Sensitive to WGS 84 Gravitational 
Coefficients (Excluding Lumped Data Set) 

(Orbital Perturbations 20.5 Meter) 
Degree 

2  1 0  
3  9 1 0  9  
4  9  1 0  9  1 0  
5 8 9 8 8 7  
6 8 8 8 9 8 8  
7 7 9 6 8 6 9 6  
8 8 8 8 8 8 8 7 4  
9 7 6 5 6 5 6 8 7 6  

1 0 8 8 8 7 8 7  2 4 3  
1 1 6 3 4 1  2 6 4 8 7 6  
1 2 8 8 7 8 5 5 5 2  3 5 4  
13  5 3  1  2 5 6 7 7 8  
1 4 8 7 6 5 3 5 4 1  1 7 8 6  
15 4  1  2 3 3 3 7 8 7 5  
1 6 7 6 6 4  1  1 3 8 6 3 2  
17 3  1 2 7 8 8 6 5 3  
1 8 7 5 3 3 1  2 6 7 3 2  
19  4 8 6 5 6 5 2  

m 2 0 4 2 1 2  1 3 7 4  
I 
01 

2  1  1 7 7 7 3 1 3 1 1  
v 22 1  2  1 2 5 1  

23 1 3 5 4 3 2 2  
2  4  1  1 1 4 1  
2  5  1 2 6 3 2 1  
26 2  1 1 4  
27 1 2 6  
28 1 3 1  
2  9  1 3 2  
30 1 1  2  
3  1  1 1 4  
3  2  1  
3  3  1 2  
34 1  
35 3  1  

38 2  3 
3  9  
40 1  1  
41 1  

1  2  3  4  5  6  7  8  9  1 0  11 12 13  1 4  15 1 6  17  18  1 9  20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 
Order 



Table 5.10 

Degree 
2 

f X  
X X X  
f X  X  
X X X X  
f X X X X  
X X X X  X  
X X X X X  
X X X f X X  
X X X X X X  
X f X X X X X  
X X X X X X  
X X X X X X X  
X X X X  X  
X X X X  
X  X  
X  X  
X  
X  X  

Correlation Matrix 
- WGS 84 Earth Gravitational Model Coefficients - 

X  f 
X  

X X X X  
X X X  
X X X X  

X  X  X  
X X X X X X  

f X  X  
X  X  X  

X X X  
X  X  X  X  

X X X  
X  X  

X f X  
X  X  X  

X  X  
X  X  
X  
X  

X = Correlation Coefficients 20.5 
X = Correlation Coefficients 20.7 

X  
X  

X  X  X  
X  X  
X X X  
X  X  

f X  
X  X  

X X f f  
X  X  
X X X  
X  
X  X  

1 2 3 4 5 6 7 8 9 10  11 12 13  14  15 16 17 1 8  19  20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 
Order 





T h i s  page i s  intentionally blank. 


	5. WGS 84 EARTH GRAVITATIONAL MODEL (EGM)
	5.1 General (Philosophy Underlying the Solution)
	5.2 Data Sets Used In EGM Development
	5.2.1 General
	5.2.2 Doppler
	5.2.3 Laser
	5.2.4 Surface Gravity
	5.2.5 Altimetric Geoid Heights
	5.2.6 NAVSTAR Global Positioning System
	5.2.7 Lumped Gravitational Coefficients

	5.3 Determination of Gravitational Coefficients
	5.3.1 Parameters of the Normal Equations
	5.3.2 Surface Gravity Normal Equations
	5.3.3 Altimetric Geoid Heiqht Normal Eauations
	5.3.4 Results

	5.4 Evaluation of the WGS 84 EGM (Through n=m=41)
	5.4.1 General
	5.4.2 Degree Variances
	5.4.3 Mean Gravity Anomaly Comparisons
	5.4.4 Mean Geoid Height Comparisons
	5.4.5 Coefficient Errors

	5.5 Independent Spherical Harmonic EGM Determination (n=m=180)
	5.6 Summary/Availability of WGS 84 EGM Coefficients
	REFERENCES
	5.1 Wagner & Klosko, 1975
	5.2 WGS 66, 1967
	5.3 Rapp, 1981
	5.4 Pellinen, 1966
	5.5 Stanley, 1979
	5.6 SEASAT Special Issue I, 1982
	5.8 King-Hele & Cook, 1965
	5.9 King-Hele, Cook, & Scott, 1967
	5.10 King-Hele, Walker & Gooding, 1979
	5.11 King-Hele, 1981
	5.12 King-Hele, Brookes & Cook, 1981
	5.13 King-Hele & Walker, 1982
	5.14 Wagner, 1968
	5.15 Wagner, 1970
	5.16 Wagner, 1974
	5.17 Wagner, 1975
	5.18 Wagner & Klosko, 1975
	5.19 Wagner, 1977
	5.20 Fremouw & Wittwer, 1984
	5.21 O'Toole, 1976
	5.22 Hopfield, 1969
	5.23 Starlette
	5.24 Cohen & Smith, 1985
	5.25 Wilkens & Feissel, 1982
	5.26 Marsh & Lerch, 1985
	5.27 Jacchia, 1971
	5.28 Kaplan, 1981
	5.29 Wahr, 1979
	5.30 Wahr, 1981
	5.31 Lerch, Klosko, Patel & Wagner, 1985
	5.32 Kaula, 1966
	5.33 Morelli, 1971
	5.34 DMAAC RP 73-001, 1973
	5.35 Rapp, 1964
	5.36 Tscherning & Rapp, 1974
	5.37 Wilcox, 1974
	5.38 Lame & Born, 1982
	5.39 Schwiderski, 1979
	5.40 West, 1981
	5.41 Tapley, Born, & Parke, 1982
	5.42 Cloutier, 1981
	5.43 Parkinson & Gilbert, 1983
	5.44 Stansell, 1983
	5.45 Klepczynski, 1983
	5.46 Withington & Klepczynski, 1986
	5.47 Lerch, Putney, Wagner & Klosko, 1981
	5.48 Heiskanen & Moritz, 1967
	5.49 Kaula, 1966
	5.50 DMA TR 8350.2-C, 1987
	5.51 DMA TR 8350.2, 1987
	5.52 DMA TR 8350.2-B, 1987

	TABLES
	Table 5.1 Satellites Providing Doppler Data For WGS 84 EGM Development
	Table 5.2 Gravity Anomaly Degree Variances
	Table 5.3 Comparison of 3°x3° Equal-Area Mean Gravity Anomalies Computed From Earth Gravitational Models With Those Derived From Terrestrial  Data
	Table 5.4 Comparison of 5°x5° Equal -Area Mean Gravity Anomalies Computed From Earth Gravitational Models With Those Derived From Terrestrial Data
	5.7 SEASAT Special Issue II, 1983
	Table 5.5 Comparison of 10°x10° Equal-Area Mean Gravity Anomalies Computed From Earth Gravitational Models With Those Derived From Terrestrial Data
	Table 5.6 Comparison of 3°x3° Equal-Area Mean Geoid Heights Computed From Earth Gravitational Models With Those Derived From SEASAT-1 Geoid Height Data
	Table 5.7 Comparison of 5°x5° Equal-Area Mean Geoid Heights Computed From Earth Gravitational Models With Those Derived From SEASAT-1 Geoid Height Data
	Table 5.8 Comparison of 10°x10° Equal-Area Mean Geoid Heights Computed From Earth Gravitational Models With Those Derived From SEASAT-1 Geoid Height Data
	Table 5.9 Number of Satellites Used in EGM Development That are Sensitive to WGS 84 Gravitational Coefficients (Excluding Lumped Data Set) 
	Table 5.10 Correlation Matrix - WGS 84 Earth Gravitational Model Coefficients

	FIGURES
	Figure 5.1 1°x1° Mean Terrain Corrections Used in Development of WGS 84 EGM



